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ABS TRA CT

The spin relaxation caused by both spin-orbit and electron-acoustic phonon interactions in a twodimensional quantum dot embedded into nanosize semiconductor slabs in a perpendicular
magnetic ﬁeld is studied. The spin relaxation rate due to electron coupling to both dilatational
and ﬂexural acoustic phonon modes is analytically and numerically evaluated. It is shown that
the magnetic ﬁeld dependency of the spin relaxation rate has allowed and forbidden regions and
it can change in a very large region depending on magnetic ﬁeld. The obtained results show that
by means of gate-voltage it is possible to realize the conﬁnement, which makes the required
transition rate between certain states available.

1. Introduction
Semiconductor nanostructures have become an appealing material system for spintronics and quantum technologies due to their
intriguing electronic and optical properties and connectivity with other semiconductor hardware [1]. Manipulation and readout of
spins in solids oﬀer a powerful route towards quantum computation [2,3] and prominent device proposals such as the spin-ﬁeld-eﬀect
transistor [4] and spin-polarized p-n junctions [5]. To achieve spin-based semiconductor electronics, long spin coherence or long
relaxation length should be required. Therefore, the main challenge is to ﬁnd materials and construct semiconductor nanostructures
for which the carriers' spin relaxation and coherence times are long enough to control individual spins and measure the spin of an
individual electron. The three-dimensional conﬁnement in a quantum dots (QDs) quantizes energies of quasi-particles and leads to
long coherence times of conﬁned charges and spins [6,7] and experimental control of electronic spins in QDs [8]. A single electron
spin in a QD has been detected using magnetic resonance force microscopy [9]. Moreover, the readout of an electron spin in a QD via
pulsed relaxation measurements [10] and optical orientation experiments [11] have been reported. QDs have been proposed as a host
for a quantum bit (qubit), which is the quantum analog of the binary bit in a classical digital computer, where the spin of an electron
located in the QD forms the fundamental two-level system of a qubit, which is essentially controllable. Electrical control instead of
magnetic one is particularly appealing for this purpose, because electric ﬁelds are easy to generate locally on-chip. Coherent control
of a single electron spin in a quantum dot using an oscillating electric ﬁeld generated by a local gate has been experimentally realized
[12]. Coupling of the electric ﬁeld to the spins is mediated by the spin-orbit (SO) interaction naturally provided by the semiconductor
host environment. It has been shown [12] that the electrically induced spin transitions were mediated by the SO interaction.
The environment can strongly aﬀect on the relaxation characteristics of a quantum system. Therefore, the understanding of the
dominant dissipation mechanisms allows us to point at strategies for minimizing relaxation, and thereby improving coherent control
of quantum systems. The dominant source of dissipation in dots is the interaction with phonons [13‒23]. The SO coupling leads to
spin admixture [ [13‒15] [19‒23]] and thus allowing transitions between states of opposite spin. The dissipation by phonons is
∗
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needed to comply with energy conservation. Thus the SO coupling allows spin relaxation mediated by phonons. Also, the phonon can,
under certain conditions, induce spin dependent coupling to the electron called direct spin-phonon coupling [13,14,18,19]. The
phonon in anisotropic environment induces electric ﬁeld similar to electric ﬁeld arising due to structural inversion asymmetry caused
by the conﬁnement (Rashba term). In particular, it has been experimentally shown [10,11,16,17,20] that the spin-acoustic phonon
coupling is a dominant spin relaxation mechanism in GaAs quantum dots in strong magnetic ﬁelds (B > 1 T). The acoustic phononinduced spin relaxation in a two-dimensional QD, without inclusion of phonon conﬁnement eﬀect, has been theoretically considered
in Ref. [22].
The control of vibrational properties of quantum dots is important for the improvement of the coherence of spin qubits in
quantum dot. Such control can be successfully realized in a single QD embedded into a free-standing structure (semiconductor slab).
There are various fabrication techniques and applications of such structures. Electron beam evaporation [24], molecular beam
epitaxy [25] and standard lithographic techniques [26] have made possible the fabrication of free-standing layers (quantum wells)
with a few-nanometer thickness. Such quantum well is used as a model for a nano-size planar phonon cavity. In unstrained quantum
slab, acoustic and optical phonon dispersions change due to spatial conﬁnement induced by the free surface boundaries. As a result,
new phonon modes essentially diﬀer from the usual bulk modes. There are three types of acoustic modes: shear, dilatational and
ﬂexural, which are experimentally controllable. All these modes couple to the electric charge and, in principle, all of them couple also
to the spin of single electron in quantum dot.
In this paper, the eﬀect of phonon conﬁnement on spin relaxation due to electron–acoustic-phonon scattering and spin-orbit
coupling is investigated in a two-dimensional quantum dot embedded into a free-standing semiconductor slab. We present a systematic study of the spin relaxation rate of a single electron to manipulate the mixing of the spin and orbital states by using gatevoltages.
The structure of the paper is as follows: In Sec. 2, we introduce the electron states in two-dimensional quantum dot in magnetic
ﬁeld by taking into account the spin-orbit coupling. Acoustical phonon modes and electron-phonon interaction Hamiltonian in frame
of deformation potential in free-standing semiconductor slab are presented in Sec. 3. In Sec. 4, we derive the phonon mediated spin
relaxation rate in two-dimensional quantum dot in the presence of a magnetic ﬁeld. Finally, in Sec. 5, we discuss the implications of
our results on spin relaxation rate, and give our conclusions.
2. Electron states in two-dimensional quantum dot in magnetic ﬁeld with spin-orbit coupling
We consider single electron two-dimensional quantum dot with parabolic conﬁnement potential embedded in an inﬁnite semiconductor slab of thickness d . The single-electron Hamiltonian in the presence of SO interaction is given by H = H0 + HSOI with

H0 =

m∗ω02 2
P2
1
(x + y 2 ) + g ∗μB Bσz,
+
∗
2m
2
2

(1)

HSOI = σΩ (P ),

(2)

where P = −iℏ + eA is the quasimomentum of electron, e is the elementary charge, the vector potential A = (B /2)(−y, x .0) describes a magnetic ﬁeld B perpendicular to the semiconductor slab, m∗ is the electron eﬀective mass in the conduction band, ω0 is the
characteristic conﬁnement frequency, g ∗ is the electron bulk g-factor, μB is the Bohr magneton, σ (σx , σy, σz ) is the vector of the Pauli
matrices, Ω is the Larmor precession frequency vector corresponding to the precession of the electron spin about magnetic ﬁeld
caused by the spin-orbit interaction. The key sources of spin-orbit interaction in a 2D electron system are the crystals' lack of inversion
symmetry (bulk inversion asymmetry) and the structural inversion asymmetry. Therefore the precession frequency vector can be
represented as Ω (P ) = ΩD (P ) + ΩR (P ) , where ΩD (P ) = βD (−Px , Py , 0) is the bulk inversion asymmetry or Dresselhaus term,
ΩR (P ) = αR (Py , −Px , 0) is the structural inversion asymmetry or Rashba term. The Dresselhaus term is taken linear with respect to the
electron quasimomentum P , and βD (αR ) is the Dresselhaus (Rashba) parameter.
Following Ref. [22], we introduce phase coordinates (r1, r2, p1 , p2 ) which connected to the previous ones (x , y, px , py ) by
the following formula

x=

1
( ω1 r1 +
2ω

px =

ω ⎛ p1
+
⎜
2 ⎝ ω1

ω2 r2), y =

1
⎛ p1 −
⎜
m∗ 2ω ⎝ ω1

p2 ⎞
m∗ ω
(− ω1 r1 +
⎟, p =
ω2 ⎠ y
2

p2 ⎞
⎟,
ω2 ⎠

(3)

ω2 r2),

(4)

Where

ω=

ω02 +

ωc2
eB
ω
, ωc = ∗ , ω1,2 = ω ∓ c .
4
m
2

(5)

r1, r2 , p1, and p2 fulﬁll the commutation relations
[p1 , r1] = [p2 , r2] = −iℏ, [p2 , r1] = [p1 , r2] = [p1 , p1 ] = [p2 , p2 ] = [r1, r1] = [r2, r2] = 0.
Then, the eigenstates and the energy spectrum of electrons in a QD without the SO coupling are given by the expressions
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Ψn, s, σ (r1, r2) =

1
π 2nn! Lω1

r
−1 ⎛ 1 ⎞
2 ⎝ Lω1 ⎠
⎜

π 2 s s ! L ω2

e

−1 ⎛
r
Hn ⎛⎜ 1 ⎞⎟ e 2 ⎝
⎝ Lω1 ⎠

⎜

⎟

2

r2 ⎞
L ω2 ⎠

⎟

r
Hs ⎛⎜ 2 ⎞⎟ χσ ,
L
⎝ ω2 ⎠

1
1
En, s, σ = ℏω1 ⎛n + ⎞ + ℏω2 ⎛s + ⎞ + g ∗μB Bσ ,
2⎠
2⎠
⎝
⎝
where n, s = 0,1,2, …, σ = ± 1/2 , Lω1,2 =

(7)
(8)

↑
⏐
1
⏐
ℏ/ m∗ω1,2 , Hn (x ) are the Hermite polynomials of integer order n , χ1/2 = ⎜⎛ ⎟⎞ ≡ ⏐
⏐
⏐, and
0
⏐
⎝ ⎠ ⏐
⏐

⏐
⏐
⏐
⏐
⏐
χ−1/2 = ⎜⎛ 0 ⎟⎞ ≡ ⏐
are the spinors for up- and down-spin projected in the z direction, respectively.
⏐
⏐
1
⏐
⎝ ⎠ ↓
The Rashba and Dresselahaus terms in Eq. (2) can be expressed in terms of the new variables as
1/2
ω13/2
ω23/2 ⎞
ω21/2 ∂ ⎞ ⎤
∂
⎛ ω1
∗⎛
σΩR (P ) = αR ⎡
⎢σx m ⎜−r1 2ω + r2 2ω ⎟ + iℏσy ⎜ 2ω ∂r1 + 2ω ∂r2 ⎟ ⎥,
⎠⎦
⎝
⎠
⎝
⎣

3

3

(9)

1

1

⎡
⎛
⎛ ω2 ∂
ω2 ⎞
ω22 ∂ ⎞ ⎤
ω2
+
σΩD (P ) = βD ⎢σy m∗ ⎜−r1 1 + r2 2 ⎟ + iℏσx ⎜ 1
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2ω
2ω ⎟
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⎜
⎢
⎝
⎠⎦
⎝
⎠
⎣

(10)

ℏ/ m∗βD

ℏ/ m∗αR ,

and lD =
are of order of 8μm and are much larger than the hybrid orbital length
For a GaAs QD the SO lengths lR =
Lω = ℏ/ m∗ω of a QD. Therefore, the SO terms can be considered as small perturbations [22,27] which cause the transitions
between diﬀerent eigenstates of H0 .
With the use of relations

σx χ1/2 = χ−1/2 , σx χ−1/2 = χ1/2 , σy χ1/2 = i χ−1/2 , σx χ−1/2 = −i χ1/2 ,

(11)

the transition matrix elements between diﬀerent orbital states can be found as
R
< Ψn, t , ↓|HSO
|Ψp, s, ↑> = ℏαR Lω (−Lω−12 p δt , s δn, p − 1 + Lω−22 s + 1 δt , s + 1 δn, p),

(12)

R
< Ψn, t , ↑|HSO
|Ψp, s, ↓> = ℏαR Lω (−Lω−12 p + 1 δt , s δn, p + 1 + Lω−22 s δt , s − 1 δn, p),

(13)

D
< Ψn, t , ↓|HSO
|Ψp, s, ↑>
D
< Ψn, t , ↑|HSO
|Ψp, s, ↓>

=

iℏβD Lω (−Lω−12

=

−iℏβD Lω (−Lω−12

p + 1 δt , s δn, p + 1 +
p δt , s δn, p − 1 +

Lω−22

Lω−22

s δt , s − 1 δn, p),

(14)

s + 1 δt , s + 1 δn, p).

(15)

Spin-ﬂip transitions are caused by spin-orbit interaction due to the mixing of the spin states. The mixing determines an eﬀective gfactor and its anisotropy as a function of the magnetic ﬁeld orientation [28].
2.1. Acoustical phonon modes and electron-phonon interaction Hamiltonian in free-standing semiconductor slab
It is well known that the acoustic phonon modes in the approximation of a homogenous medium in a free-standing semiconductor
layer are classiﬁed as shear, dilatational and ﬂexural ones [29]. The vector of relative displacement for shear modes has only
component perpendicular to the propagation direction; thus, shear modes are similar to the transverse waves in bulk material. The
symmetries of displacement ﬁelds of dilatational and ﬂexural modes diﬀer with respect to the midplane of the slab. For dilatational
(or symmetrical) modes, the displacement vector U has two non-zero components: U (q, z ) = (Ux , 0, Uz ) ,

Ux = iqx ⎡ (qx2 − qt2) sin
⎣
Uz = ql ⎡−(qx2 − qt2) sin
⎣

qt d
2

qt d
2

cosql z + 2ql qt sin

sinql z + 2qx2 sin

ql d

ql d
2

2

cosqt z ⎤,
⎦

sinqt z ⎤,
⎦

(16)

where the x axis is directed along q i.e. q (qx , 0) . The ql and qt parameters are determined by the equations

4q 2 ql qt
tan(qt d/2)
=− 2 x 22 ,
tan(ql d/2)
(qx − qt )

(17)

Where sl = (λ + 2μ)/ ρ and st = μ/ ρ are the longitudinal and transversal velocities of the acoustic waves in solid media, respectively, λ and μ are the Lame constants of the medium, ρ is the material density. For a given value of qx , these equations have many
solutions and they are numbered with the additional index n i.e. ql, n and qt , n (these solutions may be real or complex depending on
the value of qx ). The frequencies of the dilatational waves are given by the relation

ωn = sl qx2 + ql2, n = st qx2 + qt2, n .

(19)

For ﬂexural (or antisymmetric) modes, the displacement vector U has two nonzero components: Ux and Uz , which are given by the
following expressions:
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Fig. 1. The dependencies of dilatational (a) and ﬂexural (b) acoustic phonon energies in free-standing GaAs quantum-well on in-plane wave vector
(d = 2 nm).

Ux = iqx ⎡ (qx2 − qt2) cos
⎣
Uz = ql ⎡ (qx2 − qt2) cos
⎣

qt d
2

qt d
2

sinql z + 2ql qt cos

cosql z + 2qx2 cos

ql d

ql d
2

2

sinqt z ⎤,
⎦

cosqt z ⎤,
⎦

(20)

where the qt , n and ql, n parameters are determined from the following dispersion relation:

4q 2 ql qt
tan(ql d/2)
= − 2 x 2 2.
tan(qt d/2)
(qx − ql )

(21)

The dependencies qt , n (qx ) and ql, n (qx ) for the dilatational and ﬂexural modes makes it possible to calculate the dispersion curves
for these modes. In Fig. 1 these curves are shown in the energy interval from 0 to 10 meV for the semiconductor layer of thickness
d = 2 nm. Note that for ﬂexural modes, the dispersion relation coincides with the expression given by (19), but it does not lead to the
same frequencies, since for these modes qt , n and ql, n are diﬀerent.
Actually, the displacement ﬁelds and phonon dispersions in free-standing layer strongly diﬀer in vibrational properties from the
bulk material. In the ﬁrst one, the conﬁnement leads to phonon quantization into subbands. The second situation is that, in contrast
to the isotropic crystal where the longitudinal and transversal polarizations are separated, the boundary conditions at the surface of
free-standing layer lead to coupling between longitudinal and transversal acoustic modes.
For electron-phonon coupling, the deformation potential is supposed to be the main contributor in our model. For phonon modes
which are allowed to eﬀect, only dilatational waves and ﬂexural waves are contributive. Shear waves are neglected because their
interaction with electrons vanishes.
The electron interaction Hamiltonian with the dilatational and ﬂexural acoustic phonon modes in the deformation potential
approximation is given by the expression [29].

Fig. 1. (continued)
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Helac− ph =

∑

+
eiqx Γβ (q, n, z )[cnβ (q) + cnβ
(−q)],

(22)

β , n, q

are the creation (annihilation) operator of the dilatational (β = d ) and the ﬂexural (β = f ) phonons characterized
where
by the in-plane wave vector q and the branch n ,
+
cnβ
(cnβ (q))

ℏEa2
⎡ (q 2 − q2)(q 2 + q2) tsc1 ⎜⎛ qt , n d ⎟⎞ tsc 2 (q z ) ⎤,
β
β l, n ⎥
t,n
l, n
2Aρωnβ (q) ⎢
⎝ 2 ⎠
⎣
⎦

Γβ (q, n, z ) = Fβ, n

(23)

Ea is the deformation potential constant, tsc1β = sin, tsc 2β = cos for β = d and tsc1β = cos, tsc 2β = sin for β = f . The expressions of
the normalization coeﬃcients Fβ, n are given in Ref. [29].
2.2. Phonon mediated spin relaxation in two-dimensional quantum dot in magnetic ﬁeld
Transitions from the excited states (0,0, ↓) and (0,1, ↓) to the ground state (0,0, ↑) without interaction with acoustic phonons are
forbidden due to the requirement for energy conservation. We also note that the matrix elements of the Rashba and Dresselhaus
interactions between (0,0, ↓) and (0,0, ↑) states, as follows from equations (12) and (14), are also zero. Hence, transitions from both
the ﬁrst excited state and the state (0,1, ↓) to the ground state must be considered in the second approximation of perturbation theory.
Therefore, the second order perturbative calculation is performed for the electron spin relaxation via dilatational and ﬂexural
acoustic phonon modes in two-dimensional quantum dot. The probability per unit time to transit from initial state (n, t , σ ) to ﬁnal
state (l, k, σ ′) by absorbing (+) or emitting (–) the acoustic phonon with energy ℏωnβ (q) can be written as

W D±(R) (n, t , σ → l, k , σ ′) =

2π
ℏ

∑ p, s , σ ′

D (R)
< Ψn, t , σ |HSO
|Ψp, s, σ ′ >

2

< Ψp, s, σ ′|Helac−, phβ, n, q |Ψ l±, k , σ ′ >

2

(En, t , σ − Ep, s, σ ′ )2

β , n, q

× δ (El, k, σ ′ − En, t , σ ± ℏωnβ (q)).

(24)

The spin relaxation rate can be expressed as

Γ=

∑ W ± (n, t , σ → l, k, σ ′).

(25)

±

The matrix element of the electron-acoustic phonon interaction can be written as

< Ψp, s, σ ′ |Helac−, phβ, n, q | Ψl, k, σ ′>± = Γβ± (q, n) Gβ (ql, n )

Ψp, s, σ ′ e

iq
( ω1 r 1+ ω2 r 2 )
2ω

Ψl, k, σ ′

,
(26)

where

Γβ± (q, n) =

ℏEa2
2Aρωnβ (q)

1
1
2
2
β
⎛ qt , n d ⎞ ⎤
2
2
Fβ, n ⎡
⎢ (qt , n − q )(ql, n + q ) tsc1β ⎜ 2 ⎟ ⎥ Nn (q) + 2 ± 2 ,
⎝
⎠
⎣
⎦

(27)

Nnβ (q) is the phonon distribution function
∞

Gβ (ql, n ) = ∫ η0 (z ) 2 tsc 2β (ql, n z ) dz.

(28)

0

In Eq. (28) η0 (z ) is the electron wave function in the inversion layer in quantum limit [30].
It is easy to show that in general case

Ψp, s, σ ′ e

iq
( ω1 r 1+ ω2 r 2 )
2ω

qL
qL
= Qp, l ⎛ ω ⎞Qs, k ⎛ ω ⎞,
⎝ 2⎠
⎝ 2⎠

Ψl, k, σ ′

(29)

where

Qp, l (a) =

∞

1

2

π 2 p + lp !l!

∫ e−x Hp (x ) eiax Hl (x ) dx.

(30)

−∞

Thus

W D±(R) (n,

t , σ → l, k , σ ′) =
× Qp, l

2π
ℏ

∑ p, s , σ ′
β , n, q

( )Q ( )
qLω
2

s, k

qLω
2

D (R)
| < Ψn, t , σ | HSO
| Ψp, s, σ ′ > |2 Γβ± (q, n) Gβ (ql, n)

2

(En, t , σ − Ep, s, σ ′ )2

2

δ (El, k, σ ′ − En, t , σ ± ℏωnβ (q)).

(31)

Let us now consider the contributions of transitions from the states 00↓ and 01↑ to the ground state for both Rashba and
Dresselhaus, and its joint inﬂuence. Using the expressions (12) ̶ (15) of matrix elements it easy to determine that the transition from
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the state 00↓ to the state 00↑ due to Rashba and Dresselhaus SO interactions is realized via mediate states 1, 0, ↑ and 0,1, ↑,
respectively.
Because of
R
< Ψ0,0, ↓ |HSO
| Ψ1,0, ↑> = −ℏαR Lω Lω−12 ,

qL
qL
Q1,0 ⎛ ω ⎞ Q0,0 ⎛ ω ⎞
⎝ 2⎠
⎝ 2⎠

D
< Ψ0,0, ↓ |HSO
| Ψ0,1, ↑> = iℏβD Lω Lω−22 ,
2

2

= π 2e

qL
−⎛ ω ⎞
⎝ 2 ⎠
⎜

⎟

(32)

2

⎛ qLω ⎞ ,
⎝ 2⎠

(33)

therefore

W R± [(0,0, ↓) → (0,0, ↑)] =

2

2π 3ℏαR2 Lω2 Lω−14
(ℏω1 − g∗μB B )

2 ∑β, n, q

qLω
⎞
qLω 2 −⎛
e ⎝ 2⎠
2

( )

× Γβ± (q, n) Gβ (ql, n ) 2 δ (g ∗μB B ± ℏωnβ (q)),
W D± [(0,0, ↓) → (0,0, ↑)] =

2 L 2 L −4
2π 3ℏβD
ω ω2

(ℏω2 − g∗μB B )2

(34)
2

∑β, n, q

qLω
⎞
qLω 2 −⎛
⎝ 2 ⎠
2

( )e

× Γβ± (q, n) Gβ (ql, n ) 2 δ (g ∗μB B ± ℏωnβ (q)).

(35)

Taking into account the fact that due to Rashba and Dresselhaus interactions the transition is realized via mediate states 1, 1, ↑
and 0,2, ↑, respectively, for the transition probability from the state 0,1, ↓ to the ground state, we get

W R± (0,1, ↓ → 0,0, ↑) =

2−1π ℏαR2 Lω2 Lω−14
(ℏω1 − g∗μB B )2

2

∑β, n, q

qLω
⎞
qLω 4 −⎛
⎝ 2 ⎠
2

( )e

× Γβ± (q, n) Gβ (ql, n ) 2 δ (ℏω2 + g ∗μB B ± ℏωnβ (q)),
W D± (0,1, ↓ → 0,0, ↑) =

2 L 2 L −4
4π 3ℏβD
ω ω2

(ℏω2 − g∗μB B )2

(36)
2

∑β, n, q

qLω
⎞
qLω 4 −⎛
⎝ 2 ⎠
2

( )e

× Γβ± (q, n) Gβ (ql, n ) 2 δ (ℏω2 + g ∗μB B ± ℏωnβ (q)).

(37)

Thus,
Eq.
(34) −
(37)
give
the
opportunity
to
calculate
the
spin
relaxation
rate,
deﬁned
as
−1
−1
T21
= W + [(0,0, ↓) → (0,0, ↑)] + W − [(0,0, ↓) → (0,0, ↑)], and T31
= W + [(0,1, ↓) → (0,0, ↑)] + W − [(0,1, ↓) → (0,0, ↑)] from the states
(0, 0, ↓) and (0, 1, ↓) to the ground state, respectively, in 2D QD due to interaction with phonon modes in the phonon cavity for
Rashba as well as for Dresselhaus SO interaction.
3. Discussion of results
Calculations are made for a two-dimensional QD created in a GaAs free standing quantum layer using the following values of
characteristics of the system: d = 2Δ10−7 cm, Ea = 12.42 eV, ρ = 5.31 g/cm3, sl = 5.7Δ105 cm/s, st = 3.35Δ105 cm/s, m = 0.067m 0 [31],
αR = βD = 2.15Δ10 4 cm/s [22].
−1
) on
1. In Fig. 2 the dependences of spin-ﬂip relaxation rate for transitions from the ﬁrst excited state to the ground state (T21
magnetic ﬁeld for Rashba and Dresselhaus SO interactions are presented, when the parabolic conﬁnement energy is ℏω0 = 1.1 meV
and T = 3 K. From the obtained results follow that: The magnetic ﬁeld dependency has allowed and forbidden regions, which is the

−1
Fig. 2. The dependency of spin relaxation rate T21
on magnetic ﬁeld induction for the Rashba coupling (solid lines) and for the Dresselhaus coupling
(dashed lines).
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−1
Fig. 3. The dependency of spin relaxation rate T31
on magnetic ﬁeld induction for the Rashba coupling (solid lines) and for the Dresselhaus coupling
(dashed lines).

consequence of size-quantization of electron as well as phonon states. Indeed, by using Eq. (17), (19), and (21), it is not diﬃcult to
verify that ωn ≠ 0 at q = 0 . Also, numerical calculations show the existence of the gap in the considering range of phonon spectra.
Therefore, there are magnetic ﬁeld values for which don't exist phonon states with energies equal to the energy diﬀerences of the
Zeeman states. In case of such magnetic ﬁelds, the rate of transitions will be zero. As we can see, the spin relaxation rate, depending
on magnetic ﬁeld, can change in a very large region: this fact can be used to have the required rate by means of magnetic ﬁeld. In
allowed regions of transitions for the same values of Rashba and Dresselhaus parameters the relaxation rate caused by HsoD substantially exceeds the relaxation rate caused by HsoR . Note, however, that these parameters, therefore the relaxation rate, can be
governed by the gate-voltages.
−1
In Fig. 3 for the same value of conﬁning energy the magnetic ﬁeld-dependent curves of relaxation rate T31
for spin-ﬂip from the
state 0,1, ↓ to the ground state are presented for the both Rashba and Dresselhaus SO interactions. These results diﬀer from the results
in Fig. 2 since the allowed regions dependencies on magnetic induction are distinguished and are relatively narrower. The transition
probability in allowed regions has very great values.
The dependency of the spin-ﬂip relaxation rate on parabolic conﬁnement energy for various values of magnetic induction is
investigated too. In Fig. 4 the transition rates from the state 0,0, ↓ to the ground state for Rashba (line 1) and Dresselhaus (line 2) SO
interactions are presented, when B = 5T (solid lines) and B = 10T (dashed lines), and in Figs. 5 and 6 the transition rates from the
state 0,1, ↓ to the ground state for Rashba and Dresselhaus SO interaction, respectively, when B = 0,5T (solid lines) and B = 2,5T
(dashed lines). Note that for Rashba SO interaction, the relaxation rate depending on ℏω0 for transition from ﬁrst excited state to the
ground state has a narrow cusp, which exists on the magnetic dependency curve given in Ref. [22]. For the dependency of relaxation
rate from the state 0,1, ↓ to the ground state on hω0 is typical the same band picture which is shown in magnetic dependency curves
for transitions from two excited states to the ground state (Figs. 2 and 3). Such picture is not observed in the ℏω0 -dependency for the
relaxation rate when transitions from the ﬁrst excited state to the ground state occur. As follows from Eq (34)–(37), this behavior is
caused by the role of parabolic conﬁnement energy in energy-conversation law: the obtained results show that by means of gatevoltage it is possible to realize the conﬁnement which makes the required transition rate between certain states available.

−1
Fig. 4. The dependency of spin relaxation rate T21
on parabolic conﬁnement energy for the Rashba coupling (lines 1) and for the Dresselhaus
coupling (lines 2). B = 5T (solid lines), B = 10T (dashed lines).
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−1
Fig. 5. The dependency of spin relaxation rate T31
on parabolic conﬁnement energy for the Rashba coupling: B = 0.5T (solid lines), B = 2.5T
(dashed lines).

−1
Fig. 6. The dependency of spin relaxation rate T31
on parabolic conﬁnement energy for the Dresselhaus coupling: B = 0.5T (solid lines), B = 2,5T
(dashed lines).

The temperature dependencies of relaxation rates for various values of system parameters and for various SO interactions are
studied too (Fig. 7). As we see, in the region of domination of the acoustic phonon modes (3 − 20K) the relatively slow rise of the
relaxation rate is observed.

Fig. 7. The dependency of spin relaxation rate from the states 0,0, ↓ (lines 1) and 0,1, ↓ (lines 2) to the ground state on temperature for the Rashba
coupling (solid lines) and for the Dresselhaus coupling (dashed lines) (lines 1: ℏω0 = 10 meV, B = 5 T; lines 2: ℏω0 = 3.8 meV, B = 2.5 T).
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4. Conclusions
In summary, the spin relaxation rate in a two-dimensional quantum dot embedded in a free-standing semiconductor slab in a
perpendicular magnetic ﬁeld has been systematically investigated. Analytical expressions for the relaxation rate caused by the
electron scattering on dilatational and ﬂexural acoustical phonon modes have been obtained. The obtained results demonstrate the
allowed and forbidden regions of spin relaxation rate as a function of magnetic ﬁeld. The relaxation rate due to Dresselhaus term
substantially exceeds the Rashba term ones. It has been shown that the magnetic ﬁeld dependent relaxation rate changes in a very
large region which can be used to have required rate by means of magnetic ﬁeld. Also, by means of gate-voltage it is possible to
realize the conﬁnement, which makes the required transition rate between certain states available.
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