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Abstract—The well-known Paley inequalities for lacunary series are applied in investigation of
weighted spaces H (p, o) and H (p,log(c)) of functions holomorphic in the unit disc of the complex
plane. These are spaces which are similar to the Bloch and Hardy spaces and naturally arise as the
images of some fractional operators.
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1. We denote by D = {z € C : |z| < 1} the unit disc, by T = 9D the unit circle of the complex plane, by

H (D) the set of holomorphic functions in D. The integral mean of a measurable function f(z) = f(re®)
we denote as

My(f5m) = | F ) posgmy» 07 <1, 0<p<oo,

where dm stands for the normed Lebesgue measure on T. Note that the set of holomorphic functions
f(z) that satisfy || f||g» = sup M,(f;r) < oo, is the ordinary Hardy space HP.
0<r<1

By H(p,a) (0 < p < 00, @ > 0) we denote the space of all functions f(z) holomorphic in D, which
have finite quasinorms

[ fllpa = sup (1 —r)*My(f;7)
o<r<1

and note that the norm | f(0)| + ||V f||s0,1 coincides with that of Bloch spaces B, see[1], [2] for the basic
theory.

By Hy(p, ) (0 < p < 00, @ > 0) we denote the space of those functions f(z) holomorphic in the disc
D, for which
(1—r)*My(f;r)=0(1) as r—1-—.

Note that if (1 — r) Moo (V f;7) = o(1), then f is said to belong to the little Bloch space By. In addition,
we define H (p,log(a)) (0 < p < 00, a > 0) to be the class of those functions f(z) holomorphic in I, for
which

<r<1 -

e —Q
I lsstor = sup, (1085 ) () < 4o,

2. The positive constants we are going to denote C(a, 3, ...), C, etc, displaying the dependence on
parameters. Besides, dmg will stand for the Lebesgue measure over D and for any A, B > 0 the notation
A ~ B will mean the existence of the two-sided estimate c;A < B < cp A with some non-essential
positive constants ¢; and co, not depending on the variable.
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For any function representable by the series f(2) = 3 a,r™e’™, Hadamard’s fractional integrodif-
n=0

ferentiation operator F of the order a € R is defined:
faf<2) _ Z(l + n)aanrneine.
n=0
An evident inversion formula F*F~“f(z) = f(z), a € Ris valid.

A sequence {n}°, C Nis called lacunary or Hadamard, if there exists a number A > 1 such that
ng+1/ni > Aforall k =1,2,... In addition, the corresponding power series is called lacunary, and the
following well-known theorem is true (see[3], Chapter 5, Theorem 8.20).

Theorem 1. (Paley [3]) Let {nk};’;l be a lacunary sequence and f be a holomorphic function
representable in D by the convergent lacunary series f(z) = po | agz™.

Then for any p, 0 < p < oo, the function f is of the Hardy space HP if and only if {a;} € (2, and
the corresponding norms are equivalent: || f||gr =~ ||[{ax}||e2-

3. While the above Theorem | characterizes lacunary series in the Hardy space H?, the next theorem,
which we prove, relates to a similar characterization in the weighted spaces H(p, «).

Theorem 2. Let o > 0 be arbitrary, let {nk}gozl be a lacunary sequence and let a function f

be representable by the convergent lacunary series f(z) = po, agn{ z™. Then the [ollowing
conditions are equivalent:

(i) f(z) € H(oo, ),
(ii) f(z) € H(p,a) forsome p, 0<p< oo,
(iii) f(z) € Hlp,a) forall p, 0<p< oo,

(iv) {akis, € 6%,

and the corresponding norms are equivalent.

Proof: The implication (i) = (4¢) is obvious by the embedding H (oo, ) C H(p, «). Also, the implica-
tion (ii) = (4¢4) is obvious by Theorem 1, according to which M, (f;r) =~ M,(f;r)forany¢,0 < ¢ < occ.

To prove the implication (ii7) = (iv), assume that f(z) € H(p, ) for any p,0 < p < oo, and partic-
ularly (1 — r)*M;(f;7) < ||f|l1,a- Then by the Cauchy integral formula

1 f(Qdg _ 1 ‘ I f
27”/|<=r creme | < e M) < TN

l,a

ag| ng =

forany0 <r <1landk=1,2,... Hence, takingr =1 — 1/n;, we get
1\ "™

La (1 - ) <4 fll1,a;
Nk

i.e. {ar} € £>°. To prove the implication (iv) = (i), assume that

lag| < M < H{ak}moo forall k=1,2,...

lax| < |If

Then we apply Hadamard’s operator to the function f(z)

[e.9]

Flmof(z) = Z(l + ) T agng 2,
k=1
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and estimate

‘flfo‘f(z)| < CaMan r
k=1

One can see that

Met1 < 3 1(nk+1 —-ng), k=12,...,
hence
N1 < C(N) [T‘HH’“ 2t r"‘““]
Therefore,
|F1mef(2)| < Cla, ) M;rk < C(a, V) [{ar} | 7
By the inclusion F'=¢f € H(oo, 1) and invertibility of Hadamard’s operator
fz) = FIFI70f(2) € H(oo, 1+ (a — 1)) = H(o0, q),

where the corresponding norms are equivalent. This completes the proof.

71

Note that replacing f(z) by f’(z) and taking o = 1 in Theorem 2 we come to the characterization of
the Bloch space B given in[1],[2],[4]. Also, an “little oh" version of Theorem 2, giving a characterization
of the little Bloch space By, is true. The proof of this version is similar to that of Theorem 2, and the
statement is obtained by replacing H (p, «) by Ho(p, ) and the condition {ax} € £>° by klim ar = 0in

Theorem 2.

4. The next theorem gives some sharp estimates for Hadamard’s integrodifferential operator in the

spaces H(p, a) and H (p, log(a)).

Theorem 3. [fu(z) € H(D) and « > 0, then

Hf_aqu,log(l/p) < CHUHID,OH 0< p < 27
I1Fullprogis2) < Cllullpa,  2<p<oo,
[Fullo1p < Clluflpa,  0<p<oo,

IF ™ ullocog(1) < Cllulloo,a

||~7:_au||p,log(1/2) < C||u||007047 0<p<oo.

1)

= W N
~ — ~—

(
(
(
(
(

5)

The estimates (1)-(5) are the best possible in the sense that for each estimate ||F~%ully <

C|lul|x there exists a function fo(2) for which || F~%folly =~ || follx.

Proof: Foru(z) € H(ID) we use Flett’s inequalities [5], [6]

1/p
| F~u|lgr <C </ (1- |z’)ap—1’u(z)|pdm2(z)> , a>0, 0<p<2,
D

1 1/2
|F = ullgr <C (/ (1-— r)za*lMg(u; r)dr) , a>0, 2<p<oo.
0

Applying (6) to the dilated function u,(z) = u(pz) we get
1/p
M i) < 0 ([ D ulpePama()) L e 0.)
D

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol.42 No.4 2007



72 AVETISYAN

Hence

1
—, . ap—1 .
MP(F~%u;p) < C/o (1 —7)*P7 " MP(u; pr)dr <

1 (1 o T.)ap—l
SCM%@AWSCMMJ%

(1= pr)or 1—p

This inequality is the best possible in view of the example fi(z) = (1 — 2)~*~!/P_ In fact one can easily
verify that

1/p
(1—=7)*My(fi;r) =1 and My(F *fi;r)~ <log 1 i 7’) :
Thus, the inequality (1) is proved. Further, by (7) and Fatou’s lemma

1
Mg(}"_o‘u;p) < C/o (1-— r)2°‘_1M§(u; pr)dr <

1 (1 _ T,)Qafl e
< CHUHZQJ,a/O Wdr < Clulf? , log T

for any p € (0,1), and this estimate is the best in view of the example fo(2) = Y po, 2% 22" Indeed, by
Theorem 1

00 1/2
My (fo;1) =~ ZQQO‘k r2 ~ - r e (0,1).
k=0 (=)
On the other hand,
o I ook ! a—1, 2k ok
F fz(Z)Z@ZQ /(1—77) n*dn) 2%,
k=0 0

and M; (F~fo;7) = log 1. This completes the proof of the inequality (2).
Now let u(z) € H(p, «) be arbitrary. Then by the continuous embedding H (p, o) C H (oo, + 1/p)
(see [6] or[7]) and the relation F~(H (oo, + 1/p)) = H(oo,1/p) (see [6]) we get the estimate

H‘F_auHoo,l/p < CHuHoo,a—O—l/p < CHUHP,Q‘
It is sharp due to the example f1(z) = (1 — z)~® /P and the proof of (3) is complete.
Assume now that u(z) € H(oo,a). Then
1

Moo (F~u;7) < F(a)/o (1= )™ Mog (us pr)dny <

1 1(1—77)a_1 e
< — ——dn < C 1
< Faglln | G dn < Callulcalog 5

The sharpness of this inequality is proved by the example f3(z) = (1 — 2)™?, so the inequality (4) is
proved.
It remains to see that by (2) and the monotone increasing property of M,, in p

Hf_au”p,log(l/Q) < Hf_au||max{2,p},log(1/2) < CHuHmaX{Q,p},a < CHUHOO,Q'
This is a sharp estimate due to the example fo(2) = > 72, 20k 22" since

(1 —r)e’

x
My (fo;1) < ZQak 2" re (0,1),
k=0

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol. 42 No.4 2007



while Mg(}"_o‘fg; r) &~ log 1

LACUNARY SERIES AND SHARP ESTIMATES IN WEIGHTED SPACES... 73
e

Thus, (5) is established and the proof is complete.

_r'

Remarks. For the particular case a = 1, most of the statements Theorem 3 can be found in [1], [4], [8] —
[10]. The proof of the inequality (5) for & = 1 found in [9] (p. 364 ) and [10] (p. 374) are considerably more
complicated than those of Theorem 3. In [4](p. 467) the inequality (3) is proved fora =1,1/2 < p < 0.

Ll
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