ON CONVERGENCE PROPERTIES OF TENSOR
PRODUCTS OF SOME OPERATOR SEQUENCES

GYORGY GAT AND GRIGORI KARAGULYAN

ABSTRACT. We consider sequences of compact bounded linear op-
erators U, : LP(0,1) — LP?(0,1) with certain convergence prop-
erties. Several divergence theorems for the multiple sequences of
tensor products of these operators are proved. These theorems in
particular imply that L logd_1 L is the optimal Orlicz space guaran-
teeing almost everywhere summability of rectangular partial sums
of multiple Fourier series in general orthogonal systems.

1. INTRODUCTION

It is well known that (C, 1) means of the rectangular partial sums of
d-dimensional Fourier series of the functions from the class L log? ™ L(T¢%)
converge almost everywhere and it is the optimal Orlicz space with this
property (|20], ch.17). The arguments of [20] imply also the optimality
of the same class for the convergence of (C, «)-means with a > 0. Such
properties of Fourier series are based on two fundamental theorems in
the theory of differentiation of integrals: if f € Llog? ' L(R?), then

1
1.1 li — = €.
(1.1) diam () 30,06 R |R| /Rf f(z) ace.

where R denotes d-dimensional interval with the diameter diam (R)
(Jessen-Marcinkiewicz-Zygmund [9]) and conversely, in each Orlicz space
larger than Llog® ' L(R?) there exists a function f(z) such that (1.1)
fails for any x € R? (Saks [17]).

For two positive quantities a and b the relation a < b (or a 2 b)
stands for a < ¢-b (or a > ¢-b), where ¢ > 0 is either an absolute
constant or a constant depended on the dimension d. The notation g
denotes the indicator function of a set E. Let K2 (x) be the kernel of

(C, a)-means of the one dimensional Fourier series. It is well known
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the estimate

m(n)

(12) nH(—l/n,l/n)( < Ka Z az (—m;,24)

where the numbers a; >0, 0 <2y < ... <@y < 7 depend on n and
satisfy the inequality

Z ;O S 1
=1

(see [2], chap. 1, Theorem 4.2, and [20], chap. 17, Theorem 2.14).
The kernel of the (C, a)-means of the rectangular partial sums of d-
dimensional Fourier series has the form

KR(x) = K5 (21) K, (22) . K7 (a),

where n = (ny,ns,...,n9) and x = (1, 2y,...,14) € T¢ So for the
(C, a)-means we have the formula

(1.3) (x, f) = 7rd/ f (x —t) K (t)dty ... dtg

The relation (1.2) is the basic argument which makes possible to use
the integral differentiation theory in the summability problems of the
multiple Fourier series. More precisely, using (1.2), one can get the
estimate

(1.4) Mf(x) S Sul\lfdlaﬁ(xaf)! S Mf(x)
ne

where M f(x) is the ordinary strong maximal function. The right in-
equality in (1.4) holds for arbitrary f € L' while the left one for the pos-
itive functions. Then the optimality of the class Llog? " L(T?) for a.e.
convergence of 0% (x, f) can be obtained from the theorems of Jessen-
Marcinkiewicz-Zygmund and Saks by using standard arguments.

The right inequality in (1.2) is common for many kernels of sum-
mation, while the left one fails for some of them. An example of such
method of summation are the well known logarithmic means
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where Si(f) denotes the partial sum of the Fourier series of a function
f € LYT). Tt is known that the convergence of Cesaro means of a
sequence implies the convergence of the logarithmic means ([19], chap.
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3.9) and the kernel K, (x) of the logarithmic means of Fourier series
has the estimate

1 n

OgKn@)Smm{ }, 0<|z| <.

xlogn’ logn
One can observe that it satisfies the right inequality of (1.2) and the left
estimate is not satisfied. Thus d-dimensional logarithmic means of the
functions from Llog? ! L converge almost everywhere. The question
of the optimality of Llog? ! L for this convergence property was open.
The main result of this paper solves this question positively. More-
over, we establish general divergence theorems for some sequences of
compact bounded operators in L'(0,1)¢. These theorems imply that
there is no summation method giving a larger a.e. convergence class
than Llog? ! L for the rectangular partial sums of the multiple Fourier
series in general orthogonal systems.

Let Q4 = (0,1)? be the unit d-dimensional cube. For a given increas-
ing continuous function

(1.5) O(t) : [0,00) — [0, 00)
we denote by ®(L)(Q,) the class of functions f(x) defined on Q4 sat-
isfying the inequality

/ @ (|f(x)]) dx < 0.
(OF]

If

(1.6) U:LY0,1) — L'(0,1)

is a bounded linear operator, then we denote by (U); operators
(U)g : LYNQq) = LY(Qq), 1<k<d,

defined by
(1.7) (O f(x1,..yxq) =Uf(xy, 0o T, Tg1y - - - Ta)-
In the right side of (1.7) f(x1,...,Tk_1,", Ths1, - -, Tq) is considered as

a function in the variable z;, (the other variables are fixed). Obviously
(1.7) is defined for almost all x = (z1,...,24) and each (U); is a
bounded linear operator on L'(Qg). For a given sequence of bounded
linear operators

(1.8) U, : L'(0,1) = L'(0,1), n=1,2,...,

we define the multiple sequence of operators

(1.9) Un = (Upny)10 (Upy)20...0(Un,)as, n=(ny,n9,...,04),
in L'(Q,) generated from the tensor products of (1.8).
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We will consider operator sequences U,, with the properties

(A) each U, is a compact linear operator,

(B) if f € L>(0,1), then U, f(x) converges to f(x) in measure.
Recall that if U is a compact linear operator on L'(0,1), then for
any sequence of functions g, € L'(0,1), n = 1,2,..., satisfying the
condition

lim 1 f(@)gn(z)dx =0
0

for any f € L>=(0,1), we have ||[U(g,)|1 — 0 as n — .
One of the main results of this paper is the following

Theorem 1. Let U, be a sequence of bounded linear operators (1.8)
with the properties (A) and (B). Then for any function (1.5) satisfying
D(t

(1.10) tim D
t—oo ¢ log® "t
there exists a function g € ®(L)(Qq), g(x) > 0, such that

limsup |Ung(z)| = oo

min{ng }—o0

at almost every point € QQq.

Let ¢ = {pn(x)}52, C L>(0,1) be an orthonormal system. Denote
by S,f(z) the partial sums of the Fourier series of a function f €
L'(0,1) in this system. Suppose the matrix A = {au., 1 <k <n,n =
1,2,...} determines a regular method of summation, that is

lim a,; =0,
n—oo

n
supz k| < 00,
neN 1

lim Z ank = 1.
The sequence of operators
(1.11) of A f(x) = auSif(x)
k=1

defines A-means of the partial sums of Fourier series of a function
f € L'(0,1) with respect to the orthonormal system (. The tensor
products of the operators (1.11) defined by

oot = (0510 (05 )20... 0 (05N
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generate A-means of multiple Fourier series with respect to system .
Observe that the sequence (1.11) satisfies the conditions (A) and (B).
So the following theorem is an immediate consequence of Theorem 1.

Theorem 2. Let A = {am, 1 < k < n,n = 1,2,...} be a regu-
lar method of summation and {,(x)}e2, C L>*(0,1) be a complete
orthonormal system. Then under the condition (1.10) there ezists a
function f € ®(L)(Qq), whose Fourier series in the system {¢n,(x)} is
almost everywhere A-divergent, i.e.
limsup |o%f(z)| = o0 a.e..
min{ng }—oo

Particular cases of this theorem for double Fourier series were con-

sidered in the papers [10] and [5].

Theorem A (Karagulyan, 1989). If {¢,(x)}>2, € L*°(0,1) is a com-
plete orthonormal system and ® satisfies the condition (1.10), then
there exists a function f € ®(L)(0,1)* with double Fourier series

(1.12) DD tumen(@)om(y)

n=1m=1

satisfying the relation

(1.13) lim sup Z Z P () (y) | = 00

min{N,M}— oo =1 m=1

almost everywhere on (0,1)%.

Theorem B (Getsadze, 2007). Let {¢,(z)}r>, C L>(0,1) be a com-
plete orthonormal system and ® satisfies the condition (1.10). Then
for any Lebesgue measurable set E C (0,1)* with mE > 0 there exists
a function f € ®(L)(0,1)* and a set E' C E, mE' > 0, such that
the sequence of rectangular (C,1) means of double Fourier series are
unbounded on E'.

Analogous problems for Walsh systems were considered before by
G. Gat 3], K. Nagy |14], F. Moticz, F. Schipp and W. R. Wade [13]. It
is proved that Llog L(0,1)? is the maximal Orlicz space for a.e.(C, 1)
summability of double Fourier series in Walsh-Paley ([3]) and Walsh-
Kaczmarz ([14]) systems.

In the the proofs of the theorems of the present paper we essentially
use the method of Haar type systems. This method was first used
by Olevskii [15, 16] in his work on divergence problems of orthogonal
series.
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2. HAAR TYPE SYSTEMS

Recall the definition of Haar type systems ([12], ch. 3.1). We say a
family of sets e = {E,, : n=1,2,...} is a dyadic partition of [0, 1) if

(2.1) B, =10,1),E,=E,c[0,1), i=1,2,...,2" k=0,1,...
where n > 2 has the representation
(2.2) n=2%4+i1<i<2f k=0,1,2...,
and we have
m(E;) =27%1<i<2k,
(23)  EBy=ELUEY,,
EiNE] =@ifi+]

Y

Any dyadic partition uniquely defines a Haar type system £ = {£,(z), n =
1,2,...} on [0,1) as follows:
&(z) =1,
2k it we EPl,
Eo(x) = q =282 if x€ EE,
0 if z¢E..
If
i—1 i , i
En:An:[?’ﬁ)’ 121,2,...,2, l{?:(],].,...,

then we get the ordinary Haar system, which will be denoted by y =
{Xn(z)}. It is known (see [12], ch. 3.9) that for any Haar type system
&n(x) there exists a measure preserving transformation u(z) : [0,1) —
[0,1) such that

(2.4) En(x) = xn(u(x)) ae. .
Consequences of this is the basic property will be used in different
situations below.
Examples of dyadic partitions of [0, 1) may be given using the Rademacher
system
ro(r) = (=) 2 €[0,1), n=12,....
For a given integer n > 2 of the form (2.2), we define

1+ 1
p =21 :
n —l—{ 5 ]

Take an arbitrary sequence of integers 1 < p, < p3 < ... <p,.... The
following recurrence formula

(25) Ei=E,=[0,1), B, ={z € E;: (-1)""'r,.(z) >0}, n> 2,
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defines a partition of [0,1). This family of sets uniquely determines a
Haar type system as follow:

(2.6) £.(x) = "o ()LE, ()

> 2
/—|En| ) n =

We consider the tensor products of the Haar and Haar type systems

Xn(X) = Xy (1) -+ Xng (),
En(X) = &ny (1) -+ &ny (),

where x = (z1,...,24) € Qg, n = (ny,...,ng) € N For a given
function f(x) € L}(Qq) let

(27) an = o f(X)Xn(X)dX7 n= (nla na, ... and)7

be the Fourier-Haar coefficients of f. We denote

(2.8) Sff Z i (x Z . Z ey kg S (1) -+ - iy (24).

k1=1 k1=1

This series is said to be convergence (a.e., in LP norm) if its rectangular
partial sums
n

8uf(x) = Z axn (X Z Z Wy kg (1) -+ - &g (Ta)

k=1 k1=1 ki=1

converges as min{n;} — oo. It is well known that the series (2.8)
converges in L' norm. Besides, we have 8¢ f(x) = f(x) whenever &
coincides with the ordinary Haar system. If £ coincides with the Haar
system, then instead of 8§ the notation 8, will be used. In the one
dimensional case (d = 1) the operators 8¢, 8 and 8, will be denoted
by S¢, S¢ and S, respectively. Observe that

(2.9) 8¢ =@, (89), = (5%),0...0(5%,,
(2'10) 8?1:®k:1 (Sfbk)k = (37511)10"'0 (Sfld)d'
Recall the strong maximal function is defined by

Mf(x) = sup ’R|/f

R:xeR

where sup is taken over all d-dimensional intervals R = (ay,b) X ... X
(ag,bq) C Qg containing the point x € @Qy. It is well known that

n

> aexd(x)

k=1

< M f(x)

sup
n
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for any f € L'(Qq) with the Fourier-Haar coefficients (2.7). Thus,
using the weak type inequality
(2.11)

m{xGQd:Mf(x)>)\}§cd/ |i)\’logd1 (1+%>,/\>0,

(Fava [1] or Guzman [6], ch. 2.3) and the relation (2.4), we conclude

Zakfk }
(2.12) = {x € Qq:sup Zaka(X) > )\}

/% d—l( !f!> A>0,

where the equality in (2.12) follows from the definition of Haar type
system.

{x € Qg : sup

| /\

3. ALMOST EVERYWHERE CONVERGENCE CLASSES OF FUNCTIONS
The following theorem is the main result of this section.

Theorem 3. If a sequence of bounded linear operators U, : L'(0,1) —

LY(0,1) satisfies the conditions (A), (B) and U, is the multiple sequence

of operators (1.7) generated by U, then there exist a Haar type system

¢ ={&(z)} and a sequence of integers 0 < v(l) <v(2) <...<v(k) <
. such that for any function

ped Llog™ Qi) i d=2,
LY0,1) o d=1,
we have

(3.1) lim  ((Uym) 0 8°) f(z) — 85f(x)) =0

min{ng }—oo
at almost every x € Q).

An analogous theorem for martingale operator sequences was proved
in the paper [11]. That is, if U, is an arbitrary sequence of martingale
operators, then there exists a sequence of sets Gy, C Q4 with m(G,) —
1 as min{n;} — oo such that the relation

(ul/(n) © Sg) f(X) = Sflf(x)7 T E Gna ne Nd,

holds for any f € L'(Qg). Some problems related to this martingale
theorem were considered before in the papers by K. Hare, A. Stokolos
[8], P. Hagelstein |7] and A. Stokolos [18].
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Lemma 1. Ife,; >0, n,2=1,2,..., then for any sequence of bounded
linear operators (1.8) satisfying (A) and (B), there exist a sequence of
integers 0 < v(1) < v(2) < ... <wv(k) < ... and a Haar type system

¢ ={&(x)} such that

(3.2) m {x € (0,1) : [Uyméi(z) = &(x)] > 6m} < &ni, 1 <i<n,
(3.3)  m{z € (0,1): [Uym&(x)| > eni} < iy i > n.

Proof. We use induction. The system & will be found in the form
(2.6). Define & (z) = 1 and p; = 1. Using the property (B) we have
U,&1(x) — & () in measure as v — 0o, and so we may take a number
v(1) satisfying (3.2) for n = 1. Then suppose we have already chosen
the numbers v(1) < v(2) < ... < v(k—1) and the first £ — 1 functions

of the system ¢ satisfying the relations (2.6), (3.2) and (3.3) for n,i =
1,2,...k — 1. We define the set Ej, satisfying (2.5), i.e

E,={z € E;: (-1)""'r, (z) > 0}.

Using the compactness of the operators U,¢,), n = 1,2,...,k — 1, we
have

77%1_1}1 HU n)('r’m z)lg, (z )H1 0, n=12,...k—1

Thus we can choose a number m = p, > px_1 such that

SO (GG
VIEk|

Defining &, = %’“‘—\/% and using Chebyshev’s inequality, we get

(3.4) m {x €(0,1): Uy(n)ik(x)) > eki} <ép, n=12,...k—1.

Then, using the convergence in measure U,§;(z) — &(x) as v — oo,
fori=1,2,...,k, we may chose v(k) > v(k — 1) such that

35) m{z e (0,1): |Umw&i(z) — &) > en} <ewn 1 <i < k.

Combining (3.4) and (3.5) we get (3.2) and (3.3) for n,i =1,2,... k.
This completes by induction the proof of lemma. O

<(ew)* n=12,...k—1
1

Let the function f € Llog? " L(Qq) have Fourier-Haar coefficients
ay defined by (2.7). Suppose 1 < s < d and denote

(36) 5k1 77777 ks (.1'3+1, Ce ,xd)

Ns+1

= sup - Z Zak H §k xz

Pst12lna2 b o kg=1  i=s+1
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Lemma 2. If f € Llog?* 1(Qy), 1 < s < d, then
(3.7) m{(x1,...,2q) € Qa: Opy, by (Tgrs -, 2q) > A}

g%%ynmf/1%b£51(kﬂé),

Proof. Observe that, if the integers kq, ..., ks are fixed, then the mul-

tiple series
Z Z ak H Xk; xz

s+1 1 k‘d 1 = S+1

for any A > 1.

is the Fourier-Haar series of the function

g($s+1, e ,Id) = Gkq,....ks ($s+1, - chl)

= f(tl,...,t3,$s+1,..., ka dtl
Qs

Thus, using the notation (3.6) and the inequahty (2.12) in the (d — s)-
dimensional case, we obtain

(38) m{(strl, . 7$d) ~ Qd,S : §k1 ..... ks<l’s+1, .. ,l’d) > )\}

Scd—s/ @ (|g($5+17""xd)|) dl’s+1,...,d1}d7
Qd—s >\

where ®(t) = tlog"**(1 4+ t) and A > 1. Since |x,(z)| < v/n, we get
(3.9) |g(zsy1s.-.,2a)]

<H\/_ \f b1yt Tyt - xg)|dty .. dt

It is easy to check that ®(t) is a convex function and
O (kx) < kM ®(2), >0, k> 1.

Thus, using (3.9) and Jensen’s inequality, we obtain

P (’9($s+1>);--a$d)|)

byt Tty e

< (k.. k) (/ FAGEEE ;C“ xd)‘dtl...dts)
(thy ey Tosns s

< (k ('f CEASE ;U“ xd)|)dt1...dts.
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Integration with respect to variables x4y, ..., 24 implies

/ @<‘g<xs+l’);”’xd)|)dms+1,...,dxd

Qdfs

(kl...ks)d/ d (M) dty ... dtg.
Qa A

Combining this inequality with (3.8), we get

IN

m{(:vl, .. .,$d) & Qd : 51:1 77777 ks(ZBS_H, . ,xd) > )\}
=m{(Tst1,--,%a) € Qus : Oy ko(Tsi1,---,Ta) > A}

s d
< ¢y (H k:) /Q ® (M) dt, ... dt,.
=1 d

4

Proof of Theorem 3. Applying Lemma 1, we fix a Haar type system
{&.(z)} and a sequence v(n) satisfying the conditions (3.2), (3.3) with

(3.10) g = 477F,

Then we denote

n Uzln - ) if —k:— )
i) el ={ g T ew st

The boundedness of the operators U, and the L!-convergence of the
series (2.8) imply

o0

(312) (U ©8%) f(x) =D axlyun)éis (1) - - Upnyka(a).

k=1

Substituting

(n4) :
Q. \Ti), if kl > ny,
UV(ni)gki(xi) = ‘ l(c;ll)( ) . ‘ ‘
Ery (i) +ag, (), if 1<k <y,

in (3.12), we may easily observe that

(Um0 8°) fx) = > [ @) I 6w (@),

IC{1,...d} k:1<k;<n;,iclc  iel iele
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where the first sum is taken over all the subsets I of the set {1,...,d}.
If I = @, then we have

S a ol @) [T )

1<k;<n;,i€le i€l iele

— Zakl‘[gk ;) = Zakgk(x) = (8% 08,) f(x).

k=1

Thus we get
(U © 8°) f(x) = (8% 0 8n) f(x)
(3:13) = Yoo a el @) [T &t
142 k:1<k;<n;iclc i€l iele

Hence, in order to prove the theorem, it is enough to show

(3.14) ~lim Z ax H a,(f")(xl) H &, (z;) = 0 ae.

min{n; }—oo . : -
k: 1<k;<n;,i€l¢ i€l iele

whenever I # @. Without loss of generality we may suppose that
I={1,...,s}, 1 <s<d. So we must prove

s d
(3.15)  lim Z akHa,g?i)(:ci) H &, (z;) =0 ae. |

min{n; }—oo . ! .
k: 1<k;<n;,i>s =1 i=s+1

where in the case s = d the last product is not considered. Using (3.2),
(3.3), (3.10) and (3.11), for the set

o ={we©1): [of(@)| <4740}

we get
m (O,ﬁ”)> > 1 4(+h),

Denote

cm = c(0,1),

c=Jc™coa1

m>1n>m

A:{x:(zl,...,$d) GQdZ Tk EC}CQd.

We have

m (C™) > Z 4—R) o ] _gm
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Thus we get m (C') = 1 and therefore m (A) = 1. Besides, for any
x € A there exists n(x) = (n1(x),...,nq(x)) such that

<4_(ni+ki)7i:1727""d7k:1’2"”’

() (,..
for any n > n(x), xe€ A.

If s = d, then (3.15) is immediate. Indeed, we have |ax| < || f|l1vk1 - - - ka
and so for any x € A and n > n(x) we get

ZakHa“‘” | <11 ST V-4 wek < AL

k =1
which implies (3.15). At this moment the proof of the theorem in the
case d = 1 is complete and we can suppose d > 2.
Now consider the case 1 < s < d. Denote

BZ;:::IZS = {X € Qq: 6k1,...,ks ($S+1, o ,S(Zd) < (/{71 ce /{Zs)d . 2n1+k1+...ns+ks} ,

oo

Bn17---7ns — I l Bgllr--»]?s’
seeesls

K1, ks=1

where 0y, .k, is the function defined in (3.6). Using Lemma 2, we get
(B]Zl, ) >1— Cer (n1+ki1+...+ns+ks )
1, 7
m (Bm,m,ns) >1— Cf Z o Z 2*(n1+k1+...+ns+ks) -1— Cf . 27("11“1’“-“1’”3)7
ki=1 ks=1

where

Cy = cq /Q Fllogt™* " (1 + |f1).

Since by the hypothesis of the theorem f € Llog? ? L and we have
s > 1, Cy is bounded. Hence for the sets

B— U m BMns Qd

m;>1:i=1,....s n;>m;:i=1,...;s

we have m(B) = 1. Observe that if x = (z1,...,24) € B, then there

exists a vector m(x) = (my(x),...,mg(x)) such that for any n > m(x)
we have

) Toity . Tq) < (kp... k)% 2mthitensths f c N,
(3.17) Bk (T a) < (k1. k)

n>m(x), x=(x,...,24) € B.
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Note that the coordinates mg,1(x), ..., mg(x) can be chosen arbitrar-
ily. Combining (3.16) and (3.17), for any x € G = AN B and
n > max{n(x), m(x)} we get

s d
S aef?@) [T &)

k: 1<k;<n;,i>s =1 i=s+1

Ns41

o0 oo S

SZZH‘ Z Zaknfk (1)
ki=1 ks=11=1 ks+1=1 kqg=1 i=s+1

(3.18) o

SZZH’ z '(Skl ..... ks(strla---:fEd)
k1=1 ks=11=1
o0 oo

< o 4—(n1+k1+---+ns+ks)(k, ke )d L gnitkit..ns+ks
]gz:l ];21 1 s

<Cy- 9—(ni+..4+ns)

where Cy > 0 is a constant. Since m (G) = 1, (3.18) completes the
proof of Theorem 3. O

The functions f(x), g(x) € L'(Qq) are said to be equivalent (f ~ g),
if they have the same distribution function, that is

mi{xeQs: f(x)>A}=m{xeQqs: g(x) >}, AeR.
Theorem 3 immediately implies

Theorem 4. Let U, be the operator sequence (1.8) satisfying the con-
ditions (A) and (B). If the Fourier-Haar series

(3.19) Z aan(m)
n=1
of a function f € L'(Qg) diverges almost everywhere, then there exists
a function g € L'(Qq) such that g ~ f and
(3.20) Ung(x) diverges a.e as min{n;} — oo.

Proof. Since the series (3.19) diverges a.e., the same also holds for the
series

(3.21) Y anba(x)
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where £ = {¢,} is the Haar type system obtained by Theorem 3. On
the other hand (3.21) converges in L' norm to a function

g=38f¢e L' (Qa).
We have g ~ f and

uu(n)g(x> - (uu(n) o Sg)f(X)
Thus, according to (3.1), we get
lim  Uymg(x) — 84 f(x) =0 ae.

min{n; }—0
and then the a.e. divergence of the partial sums 8 f(x) of the series
(3.21) yields the divergence of U, m)g(x), which completes the proof.
O

Proof of Theorem 1. If ® satisfies the condition (1.10), then there ex-
ists a function f € ®(L)(Qq), f(x) > 0, whose Fourier-Haar series
(3.19) diverges a.e.. We will also have g € ®(L)(Qq), where g ~ f is
the function obtained by Theorem 4. Then the relation (3.20) com-
pletes the proof of Theorem 1. O

So we consider the sequence of convolution operators

(3.22) /K (x — 1) f(t)dt,

where the kernels K,, € L>[0,1) are 1-periodic functions and form an
approxunatlon of identity. That is

1f0 t)dt — 1 as n — oo,

2. Ki(x ) = Sup,<py<1/2 [ Kn(t)] = 0 as n — 00,0 < [z] < 1/2,

3. sup,, [, Ki(z) < oc.

It is well known that such an operator sequence U, satisfies the
conditions (A) and (B). Moreover, U, f(x) converges in LP for any
f e L’ 1 < p < oo, and the convergence is uniformly while f is
a continuous 1-periodic function. Let (1.9) be the multiple operator
sequence generated from (3.22). It can be written in the form

(323) /Q Km tl nd(td)f(x — t)dtl N dtd.

The following theorem determines the exact Orlicz class of functions
guaranteeing a.e. convergence for the sequence of operators (1.9). The
first part of the theorem is based on a standard argument (see for ex-
ample 2] theorem 4.2) and immediately follows from the weak estimate
of the strong maximal function.
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Theorem 5. Let U, be the sequence of operators (1.9) generated by
(3.22). Then
1)if f € Llog™ " L(Qq), then Uy f(x) — f(x) a.e. as min{n;} — oo,
2) if the function ® satisfies the condition

O(t)
t—oo tlog? 1t -
then there exists a function f € ®(L)(Qq), f(x) > 0, such that
(3.24) limsup |Upf(z)| =00 a.e. on Q4.

min{n; }—oo
If in addition K, (x) > 0, then (3.24) holds everywhere.

Proof. We may suppose that all the functions are 1-periodic in each
variable. Since K (x) is even and decreasing on [0,1/2], we may find
a step function of the form

m(n)

on(z) = Z az(n)l[(fxz(.”),xg"))(x)’ al(n) >0, x§") >0,

=1

such that K}(x) < ¢,(z) and

1 m 1
/ on(x)dr = ZQmEn)aEH) < 2/ K} (z)dx < B.
This implies that

(3.25)
U f(x)| = '/Q Ky (1)) . Ko (ta) f(x — t)dt, . .. dtg

< / K2 (h) . Ko (ta)| f(x = t)[dty . .. dtg
Q

d
/ Py tl - Pny (td)|f(X - t)|dt1 R dtd

m(n1) m(ng) d
= > > [Tee™a™)
i=1 i=1 k=1
1 I(.nl) $<_”d>
X 2d (”1) - (’Vld) _ D e ) |f(X - t)|dt1 R dtd

m(n1 m(ng)
Z (nl) . Z 2$§nd)a£nd) < Bd]\/[f(x).
i=1 i=1
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Sl /]
TIOgd <1—|—7>.

Now take a function f € Llog?™! L(Qg). Let A > 0 be an arbitrary
number. Observe that for any € > 0 we can write f in the form f = g+h
where ¢ is continuous and

2|h| 2|hl . 44 2|h|
e iy | 14 2
/d 3 <e, /d ) og + 3 <e

From the continuity of g we have U,g(x) uniformly converges to g(x).
Thus, applying (3.26) and the Chebyshev’s inequality, we get

Hence, according to (2.11), we have

(3.26) m{x € Qg : sup |[Unf(x)] > A} < cd/

d

min{n; }—oo

m{XEQd: lim sup |unf(x)—f(x)|>/\}

=m {X € Qg limsup |Uph(x)— h(x)| > )\}

min{n; }—o0

<m {x € Qq: sup |Unh(x)| > )\/2} +{x € Qq:|h(x)|>N2}

2hl 4 2|h| 2|h|
gcd/ — log 1+ — —|—/ — < (eq+1)e.
Qa A A Qa A

Since € > 0 can be small enough, we obtain

m {x € Qg : limsup |Unf(x)— f(x)| > )\} =0
min{n; }—o0
for any A > 0. This implies the first part of the theorem.

To prove the second part, we apply Theorem 1. Then we find a
function f € ®(L)(Qq), f(x) > 0, satisfying (3.24) almost everywhere.
To get everywhere divergence in the case K,(x) > 0, we modify the
function f(x) as follows. Suppose E C @, is the set where (3.24)

doesn’t hold. We have mFE = 0. Define a sequence of open sets G,, C
Qq4, E C G,, C G,_1, such that

m(G,) < 27"
Then we consider the function

&) =fx) +9(x), g(x)=> n-lg,(x)
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It is easy to check that ¢ and so f is from ®(L) and
lim  Ung(x) =400, x€EF.

min{n; }—oo

Using then the positivity of the operators U,, one can easily get the
divergence of U, f(x) at any x € Q. O

4. ESTIMATES OF LP-NORMS

In this section we suppose p > 1 is fixed and consider a sequence of
operators U, satisfying (A) and a stronger condition
(Bp) if f € LP(0,1), then ||[Usf — fllzr0q) = 0 (p > 1),
instead of (B). Note that, according to the Banach-Steinhaus theorem,
the condition (B,) implies
(4.1) 1 <M =sup ||Uy| pr—rr < 00.
n>1

The following theorem is the main result of this section.

Theorem 6. If 1 < p < o0, d§, \( 0 and the sequence of bounded
linear operators U, in L*(0,1) satisfies the conditions (A) and (B,),
then there exist a Haar type system & = {&,(x)} and a sequence of
integers 0 < v(1) <v(2) <...<wv(k) <...such that

(4.2) | (Wpmy © 8%) = 84|| < 6, min{ng} > m.

The proof of the next lemma is similar to Lemma 1. So it will be
stated shortly.

Lemma 3. Let p > 1, ¢; \, 0 and the sequence of bounded linear
operators (1.8) satisfies the conditions (A) and (B,). Then there exist
a sequence of integers 0 < v(1) <v(2) <...<wv(k) < ... and a Haar
type system & = {&,(x)} such that

(43) ||UV(TL)€l(x) _fz('x)Hp < En,y Z = 1,2,...,”,

(4.4) 1Uvm&i()|lp < &, i >n.

foranyn=1,2,....

Proof. We will use induction. Define & (z) = 1. Using the property
(B,), we may find a number v(1), satisfying (4.3) for n = 1. Then
suppose we have already chosen the numbers v(1) < v(2) < ... < v(k)
and the first k& functions of the system £ = {&,(z)}, satisfying the

relations (4.3) and (4.4) for n = 1,2,...k. From the compactness of
the operators it follows the existence of a number py. > pi such that

1Uu) (rppes (@)L () || < e, 1= 1,2,k
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Defining &41 = 7,15, we will have (4.4) for 7 = k + 1 and for each
1 < n < k. Then using the property (B,), we may chose v(k + 1)
satisfying (4.3) for n = k + 1 and for each 1 < ¢ < k+ 1. This
completes the induction and the proof of Lemma 3. U

The following lemma was proved in [11].

Lemma 4 ([11]). If U and V are bounded linear operators on L'[0,1),
then

V)no(U)m=U)mo(V)n, n#m, 1<nm<d.

Proof of Theorem 6. One dimensional case: To prove (4.2) in one di-
mensional case, we must construct a Haar type system £ and a sequence
of integers v(n) such that

(4.5) [Usy 0 S° = SE||, < bn, n=12,....

Using Lemma 3, we find £ with the relations (4.3) and (4.4), where the
sequence &, \, 0 satisfies the inequality

En <6, /4", m=1,2....

Take an arbitrary function
@) =S anxal) € L7,
n=1
We have
Sff(l’) - Zakgk’(x)?
k=1
Sf() = arke(x),
k=1

(Usmy 0 5%) f(x) = arUymyi ().
k=1
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Thus, using the bound |a| < v/k| f||, and the conditions (4.3), (4.4),
we get

[(Uuy 0 ¢ = 57) F()]I,

ar (Upmy&u(x) — &(z)) + Z arUym)&r ()

k=1 k=n+1

< gnz |ag| + Z |ag|ex

k=n+1

<|1£l, (n\/ﬁenJr > \/Eek> < Onll 1l

k=n+1

p

which implies (4.5).
The general case: Applying the one dimensional case of the theorem,
we may find a Haar type system with

(4.6) [Unmy 0 S° = SE||, <mr m=1,2,....

where

Yo N0, < 5n/Md7
and M is the constant defined in (4.1). We claim that

|95 (Vo) © %) = @t (S5,

The proof of (4.7) is by induction on the dimension p = 1,2,...,d.
The case p = 1 is just (4.6), since by (4.1) we have M > 1. Writing
(4.6) with respect to each coordinate, we get

(4.8) | (Unmy © %) = (SH)ie|,, < -
Suppose the case of dimension p — 1 is already proved that is

(4.9)  [|®kZ; (U 0 89), = @421 (S5, < Ymingnscmy M

.....

Let us prove the case of py-dimension. Observe that
®Z:1 (UV(nk) © Sg)k - ®Z:1 (Sgk)k
ar) = [52 Wo 59, ] o [y 059, - (55,) ]

[} Ungy © 5, = @t (88),] @ (S5,) -
173
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Besides, we have

(),

p—1
H®Z;i (Uy(nk) © Sg)k”p S H HU’/(nk)Hp H (Sf)ka S MM717
k=1

<1

Y

and therefore, using also (4.8), (4.9) and (4.10), we get the estimate

|95y (Vo © 5%), = @5 (S5,

p

----------

which completes the induction and the proof of (4.7). Then, applying
Lemma 4 several times, we obtain

Up(my © 8° = @y (Unmn)) , © O (%), = @iz (U © ),
and therefore we get
(uV(n) © Sg) - 8§1 = ®z:1 (UV(nk) © Sﬁ)k - ®Ckl:1 (szk)k

which means that in the case p = d the inequality (4.2) coincides with
(4.7). Theorem 6 is proved. O

If a < band a 2 b are satisfied in the same time, then we write
a ~b.

For the operator sequence U, generated by (1.8) we consider the
maximal operator

U f(x) = sup [Unf(x)].
The norm of this operator is defined by
W, = sup [|U"f(x)]],

Ifllp<1

This quantity describes the least constant ¢ > 0 for which the inequality

GO, < el fll

holds for any f € LP(Q);). The similar operator for the partial sums of
Fourier-Haar series is denoted by

8" f(x) = sup [8n f(x)|.

We will consider also the maximal operator generated by a Haar type
system defined

(89)"(3) = sup [S5/(x)|
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It is well known the estimate

d
4 el ~ (GE) 1l 1<p<oe,

(see for example [4]), which implies also

(4.12) [(8%)°]l, = [18°1l, ~ (ﬁ) ‘

We prove the following

Theorem 7. If1 < p < oo and the sequence of bounded linear opera-
tors (1.8) satisfies the conditions (A) and (B,) and Uy, is generated by
(1.8), then

(4.13) Wl = (18"l

Proof. Let € > 0 be arbitrary. Using (4.12) we may choose a function
f € LP(Qq) with || f||, = 1 such that

18"l > 1871, — &

Obviously we can fix an integer m such that

(4.14) sup  [Snf(x)]

n:n;<m

> |18, - 2e.
p

We take an arbitrary sequence 6, \, 0 such that 6, = ¢/m?, k =
1,2,...,m. Applying Theorem 6 with this sequence, we determine a
Haar type system £ and a sequence of integers v(n) satisfying (4.2).
Denote g(x) = 8% f(x). We have ||g|, = ||fll, = 1, and from (4.2),
(4.14) it follows that

W (), > |[sup [Unmg ()] || = {jsup [ (Unim) © 8°) f(x)]|
n P n P
Z sup |<uu(n) o 85) f(X)‘
n:n; <m P
€
> n:s;j}g)m 185/ (x)] ) —ms. —5 = n:srggm 18nf(x)| ) —€
> ||18%], — 3e.

Since € > 0 is arbitrary, we obtain (4.13). O
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Theorem 8. Let 1 < p < oo and the kernels K, (x) form an approxi-
mation of identity. Then the multiple operator sequence U,, defined in
(3.23) satisfies the relation

D d
Wy~ (—— ) .
et~ (S2)

Proof. The lower bound
» d
w,z | ——

immediately follows from (4.12) and Theorem 7. To prove the upper
bound we use the estimate (3.25). So we have

(4.15) W f(x)| <c- Mf(x)

where M f(x) is the strong maximal function. From (4.15) and (4.11)
we conclude

d
el < (525 ) 151,

d
and therefore we get [|[U*||, < (%) , which completes the proof of

the theorem. O
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