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In this paper typed and untyped functional programs are considered. Typed
functional programs use variables of any order and constants of order < 1,
where constants of order 1 are strong computable, A-definable functions with
indeterminate values of arguments. The basic semantics of a typed functional
program is a function with indeterminate values of arguments, which is the main
component of its least solution. The basic semantics of an untyped functional
program is an untyped A-term, which is defined by means of a fixed point com-
binator. An algorithm that translates typed functional program P into untyped
functional program P’ is suggested. It is proved that the basic semantics of the
program P’ A-defines the basic semantics of the program P.
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Introduction. The paper is devoted to typed and untyped functional programs.
A typed functional program is a system of equations (with separating variables) in
the monotonic models of typed A-calculus. Typed functional programs use variables
of any order and constants of order < 1, where constants of order 1 are strong
computable, A-definable functions with indeterminate values of arguments. The
basic semantics of the typed functional program is a function with indeterminate
values of arguments, which is the main component of its least solution (see [|1-3]]).
An untyped functional program is a system of equations (with separating variables) in
the untyped A-calculus. The basic semantics of an untyped functional program is an
untyped A-term, which is defined by means of a fixed point combinator (see [4-6]).
An algorithm that translates typed functional program P into untyped functional
program P’ is suggested. It is proved that the basic semantics of the program P’
A-defines the basic semantics of the program P.
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Typed Functional Programs. The definitions of this section can be found
in [[1H3L(7,[8]. Let M be a partially ordered set, which has a least element |, which
corresponds to an indeterminate value. For every m € M we have: L C mand m C m,
where C is a partial ordering on the set M.

Let us define the set of types (denoted by T'ypes).

1. M € Types;

2. If B,ay,...,04 € Types (k > 0), then the set of all monotonic mappings
from o X ... X o into B (denoted by [ X ... x o — B]) belongs to Types.

Let a € Types, then the order of type o (denoted by ord(c)) will be a
natural number, which is defined in the following way: if a = M, then
ord(a) =0, if ot = [0y X ... x ¢ — B], where B,04,...0x € Types, k > 0, then
ord(a) = 1 +max(ord(ay),..., ord(oy),ord(B)). If x is a variable of type o and a
constant ¢ € «, then ord(x) = ord(c) = ord(a).

Let « € Types and VI be a countable set of variables of type «, then

vl = U VI is the set of all variables. The set of all terms denoted by
acTypes

AT = U AL, where AL is the set of terms of type «, is defined the
acTypes

following way:

1.Ifc € a, a € Types, then ¢ € AT

2. Ifx e VI, & € Types, then x € AL;

3. If t e A[T(xlx...xak%[)’]’ t; € Agi, where B,a; € Types,i = 1,...,k, k > 1,
then t(,...,1) € AE (the operation of application);

4. If T € Ag, X; € VO{,_, where B, 0 € Types, i # j = x; #xj, i,j=1,...,k,
k> 1, then Ax;...x[1] € A[Zl % x O] (the operation of abstraction).

The notions of free and bound occurrences of variables in terms as well as the
notion of a free variable are introduced in the conventional way. The set of all free
variables of a term ¢ is denoted by FV (¢). A term which doesn’t contain free variables
is called a closed term. Terms #; and f, are said to be congruent (which is denoted
by t| = 1), if one term can be obtained from the other by renaming bound variables.
In what follows congruent terms are considered identical.

Lett € AL, o € Types and FV(t) C {y1,...,yu}, Yo= 0Y...,}), where
Vi € Vﬁf, y? € Bi, Bi € Types, i=1,...,n, n>0. The value of the term ¢ for the values
of the variables yi,...,y, equal to yo = ({,...,)9) is denoted by Valy; (¢) and defined
as follows:

I.Ift=c¢ and c € a, then Valy(c) = c;

2. If t = x,x € VL, then Valy (x) = ? , where FV (x) = {x} C {y1,...,y,} and
x=y,i=1,...,n,n>1;

3.t =7(tn,....,1) € Ag, Where TEAT, 011 € Ag, 0 € Types;
i=1,...,k, k>1,then Valy (t(t1,...,t)) = Valy, () (Valy,(t1),. .., Valy (t));

4. 1f 1 = Axy...x[7] € AL, where o0 = oy % ... x o — B], T € AL, x; € VL,
B,o; € Types, i=1,...,k, k> 1, then Valy (Ax; ...x[7]) € [ X ... x o — B] and
is defined as follows: let {yi,...,y.}\ {x1,....x} ={yj,,.--,»;}, s >0, and
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0 = <y91,...,y93), then for any xp= <x?,...,x2>, where x¥ € o, i =1,...,k,
Valyg, (Ax ...x[7])(x9,...,x%) = Valg, 4 (), where %o, 20 = (x,... ,xg,ygI oo ,y%>.

It follows from [1]], that for any yo = (Y,...,3%) and yi = (y,...,y})
such that yy C y;, where y?,yi1 € Bi (1 <i<n), we have the following:

1. Valy—o(t) c o,

2. Valy,(t) T Valy, (t).

Let terms t1,t, € AL, o € Types, FV(t;)UFV(ty) = {y1,-..,9n}, i € Vl;’:,
Bi € Types, i=1,...,n, n> 0, then terms t; and ¢, are called equivalent (denoted by
t) ~ 1), if forany yo = (39,...,»9), where y? € B;, i =1,...,n, we have the following:
Valy, (t;) = Valy,(12). A termt € AL, & € Types, is called a constant term with a € o
value, if t ~ a.

To show mutually different variables of interest x,...,x;, k> 1, of aterm¢,
the notation #[xj,...,x| is used. The notation t[t1,...,#] denotes the term obtained
by the simultaneous substitution of the terms #;,...,# for all free occurrences of
variables x1,...,x; respectively, where x; € VO{l_,i F]= X ZE Xt € Agl_, a; € Types,
i,j=1,...,k, k> 1. A substitution is said to be admissible, if all free variables of
the term being substituted remain free after the substitution. We will consider only
admissible substitutions.

Atermt € AT with a fixed occurrence of a subterm 7; € Ag, where o € Types,
is denoted by f;, and a term with this occurrence of 7 replaced by 7., where 7, € Ag,
is denoted by t,.

Further, we assume that M is a recursive set and considered terms use
variables of any order and constants of order < 1, where constants of order 1 are
strong computable, monotonic functions with indeterminate values of arguments. A
function f : MK — M.,k > 1, with indeterminate values of arguments is said to be
strong computable, if there exists an algorithm, which stops with value f(m;, ... my)
for all my,...,m; € M (see [3]]). We suppose that each strong computable function
with indeterminate values of arguments is given by its algorithm. Hereafter all such
terms will be denoted by A7 and all such terms of type & will be denoted by Al.

A term of the form Axj...xg[T[xy,...,x¢]](t1,..., %), where x; € V({l_,i #+j=
xiZxj, TeN, ;€ AL 05 € Types, i,j=1,....k, k> 1, is called a B-redex, its
convolution is the term Tt ..., f].

A term #; is said to be obtained from a term ¢y by one-step -reduction (denoted
byto =gt ), iftg =tg, 1 =1y, I8 B-redex and 71 is its convolution. A term
t is said to be obtained from a term ¢y by B-reduction (denoted by 1y ——gt ), if
there exists a finite sequence of terms #1,...,#, (n > 1) such that t; =19, #, =t and
t; —B tiv1,wherei=1,....n—1.

5-redex has a form f(t,...,t;), where f € [M* — M|, t; € AL, i=1,...k,
k > 1, its convolution is either m € M and in this case f(t,...,f;) ~ m or a subterm
t; and in this case f(t1,...,%) ~t;, i=1,...,k. A term ¢, is said to be obtained from
a term fy by one-step -reduction (denoted by 19 —g 11), if 1o =15, t1 =17, 70 is a
d-redex and T; is its convolution. A term 7 is said to be obtained from a term 7y by
d-reduction (denoted by #) ——> 5 1), if there exists a finite sequence of terms #1, ..., 1,
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(n>1) such that; =tg,t, =t and t; —5 t;y1, where i=1,...,n— 1.

A term ¢ is said to be obtained from a term #y by one-step d-reduction
(denoted by 79 —pgs 11 ), if either 1o —pg t; or fp —5 t;. A term 7 is said to be
obtained from a term #, by f86-reduction (denoted by #o ——>g5 ¢ ), if there exists
a finite sequence of terms #1,...,t, (n > 1) such that ty =1, t, =t and t; —g5 tiy1,
where i = 1,...,n— 1. It follows from [7], that if 7y ——ps #2, then 1, ~ 15, where
t,tp € Al o € Types.

A term containing no 3 8-redexes is called a normal form. The set of all normal
forms is denoted by NF'. For every term ¢t € AT there exists a term 7 € NFT such
thatt ——pgs T (see [7]).

A notion of d-reduction is called a single-valued notion of J&-reduction,
if § is a single-valued relation, i.e. if (7p,7)) € § and (19, ») € &, then 7] = 1,
where 7y, 7,7 € AI{/['

A notion of §-reduction is called effective notion of 8-reduction, if there
exists an algorithm, which for any term f(t1,...,%), where f € [M* — M), t; € AL,
i=1,...,k, k> 1, gives its convolution, if f(t1,...,#) is a 0-redex and stops with a
negative answer otherwise.

Definition 1. An effective, single-valued notion of §-reduction is called
a canonical notion of §-reduction if:

lLteAy, t~m meM\{L}=1t——psm;

2.1€Ay, FV(1)=0, t~L=1——p5 L.

In [8] it was proved that for every recursive set of strong computable, mono-
tonic functions with indeterminate values of arguments there exists a canonical notion
of d-reduction. Further we will only use the canonical notion of d-reduction.

Typed functional program P is the following system of equations:

F :l‘l[Fl,...,Fn],
(1
F, :tn[Fl,...,Fn],

where F; € Vai,l.#j:>Fi %Fj,ti[Fl,...,Fn] EAai,FV(l‘i[Fl,...,.Fn]) C {Fl,...,Fn},
«; € Types, i,j=1,....n, n>1,04 = [MF = M], k>1.

We consider the mapping Wp : ) X ... X @ — Q1 X ... X O, which
is defined as follows: if § = (g1,...,8n), Where g; € a;, i =1,...,n, then
Wp(8) = (Valg(t1[Fi,...,F)),...,Valg(ty[F1,...,F,])). & is said to be the solution
of the program P, if ¥p(g) = g, i.e. (Valg(t1[F1,...,F,]),...,Valz(t,[Fi,...,F])) =
(g1,---,8n). Every typed functional program P has a least solution (see [1]]).
Let (fi,...,fn) € 01 X ... X 0 be the least solution of P, then the first component
fi € [M* — M) of the least solution is said to be the basic semantics of the program
P and is denoted by fp.

Theorem 1. (On basic semantics of typed functional programs). Let
fp € [M* — M), k> 1, be the basic semantics of a typed functional program P
of the form (1), then for all my,...,m; € M we have:

fp(l’l’l],. . .mk) = sup{‘I‘f)(Q)l(ml,. .. ,mk) ’S < (l)},
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where Q is the least element of the set o X ... X a;, ¥H(Q) = Q, ¥5'(Q) =
Wp(P5(Q)) and ¥5(Q); is the first component of the ¥ (Q), s < @, @ is the ordinal
corresponding to the set of the natural numbers.

Proof. Follows from the results of [2].

Theorem 2. (On substitutions for typed functional programs). Let
fp € [M* — M), k> 1, be the basic semantics of a typed functional program P
of the form (1), then for all my,...,m; € M we have:

fe(mi,....m) =m# L & 3s > Lj[F,....F|(m,...,m) ——pgsm# L,
where 2Fi,....F,) = F, t[FR,....,F] =4t R, El.. A, F,
r>1,i=1,...,n, n>1.

Proof. If fp(my,...,my) = m # L, then, according to the Theorem 1,
s > 1,¥5(Q)1(my,...,m) = m, where Q is the least element of the set
oy X ... X o,. Therefore, Valg(t{[Fi,...,F,](mi,...,m)) = m. Since for every
g€ x...xa, QECg then Valz(t{[F,....F](mi,...,m)) = m and
1F1, ... Fy|(my,...,mg) ~ m. Therefore, according to the Definition |I| (point 1),
l‘ﬂFl,. .. ,Fn](mh. .. ,mk) ——ps M.

If 3s > Ltj[F,...,F](m,...,m) ——pgs m # L, then, according to [7],
QR Byl (my,...mg) ~m and Valg (6] [Fy, ..., Fy](m1,...,my)) = m. Therefore,
W5 (Q)1(my,...,mg) = m and, according to the Theorem 1, fp(my,...,m) =m. O

Untyped Functional Programs. The definitions of this section can be found
in [4-6]. Let us fix a countable set of variables V. The set A of terms is defined as
follows:

1.IfxeV, thenx € A;

2.1f 11,1 € A, then (111;) € A (the operation of application);

3.IfxeVandr € A, then (Axt) € A (the operation of abstraction).

The following shorthand notations are introduced: a term (...(¢;%2)...t;), where
L eNi=1,....k, k>1,isdenoted by 111, ...t and a term (Ax; (Axz (... (Axut)...))),
wherex; €V, j=1,...,n, n>0, t € A, is denoted by Axx...x,.1.

The notions of free and bound occurrences of variables in terms as well as
the notion of free variable are introduced in the conventional way. The set of all
free variables of a term 7 is denoted by FV (). A term, which does not contain free
variables, is called a closed term. Terms #; and #, are said to be congruent (which is
denoted by #; = 1), if one term can be obtained from the other by renaming bound
variables. In what follows congruent terms are considered identical.

To show mutually different variables of interest xy,...,x;, k> 1,of aterm? the
notation ¢[xy, . ..,x] is used. The notation t[t1, . . .,#] denotes the term obtained by the
simultaneous substitution of the terms #q,...,# for all free occurrences of variables
X1,...,X; respectively, i # j = x; Zx;, i,j=1,...,k, k> 1. A substitution is said
to be admissible, if all free variables of the term being substituted remain free after
the substitution. We will consider only admissible substitutions.

A term ¢ with a fixed occurrence of a subterm 7, is denoted by #;, and a term
with this occurrence of 7; replaced by a term 7, is denoted by 7, .

A term of the form (Ax.z[x])7 is called a B-redex and the term 7[7] is called its
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convolution. A term ¢, is said to be obtained from a term 7y by one-step -reduction
(denoted by 1y —p 1), if to) = tg,,t1 =17, To is a B-redex and 7y is its convolution.
A term ¢ is said to be obtained from a term #o by fB-reduction (denoted by ty ——p ),
if there exists a finite sequence of terms #1,...,#, (n > 1) such thatt; =1y, t, =t and
ti —p tiv1, where i=1,...,n— 1. A term containing no -redexes is called a normal
form. The set of all normal forms is denoted by NF and the set of all closed normal
forms is denoted by NF°. A term ¢ is said to have a normal form, if there exists a
term 7 such that T € NF and 1 —— g 7. Of the Church—Rosser theorem [4] it follows,
that if ¢ == W, I == 0,7, 2 € NF, then 71 = 15.

If a term has a form Ax; ...xg.xt1 .. .4, where x1,...,x,x €V, t1,...,1, €A,
k,n > 0, it is called a head normal form and x is called its head variable. The set of
all head normal forms is denoted by HNF. A term ¢ is said to have a head normal
form, if there exists a term 7 such that T € HNF and t ——p T. It is known that
NF C HNF,but HNF ¢ NF (see [4]).

Let Axy,...,x¢.((Ax.1)T)ty .. .1, be a term, where xy,..., X, X €V, f1,...,Iy,1,
T €A, k,n>0, then the B-redex (Ax.r)7 is called a head B-redex. It is obvious that
every head B-redex of the term is its left B-redex, but not every left -redex of the
term is its head -redex.

Recall, that if a term has a head normal form, then the reducing chain, where
always the head -redex is chosen, leads to a head normal form, and if the term has a
normal form, then the reducing chain, where always the left 3-redex is chosen, leads
to the normal form (see [4]).

Let us give the notion of $-equality (denoted by =p):

1.1 —>—>ﬁ h = h =B 1;
2. 1 =B h =10 =B 11}
3.4 =B 1, =B 3 =0 =B t3, where t1,1>,13 € A.

Aterm Z € A is called a fixed point combinator, if for all terms ¢ € A we have:
Zt =g t(Zt).

Lemma 1. LetZ be a fixed point combinator and a term ¢ € A, then there
exists a sequence of terms Zj,Z{,Z5,... such that Zj = Zt and Z{ ——p tZ;
s=0,1,2,...

Proof. Letx €V and Zj = Zx =g x(Zx), according to the Church—Rosser’s
theorem, there exists such term Zj that x(Zx) ——g xZ} and Zj ——p xZj, therefore,
7 =g Zx =g x(Zx) and there exists such term Z; that x(Zx) —— g xZ; and Z{ ——g
xZ; and so on. Thus, for every s > 0 we get a term Zg, such that Z{ =g Zx =g
x(Zx) and there exists a term Z;, ; such that x(Zx) ——p xZ},, and Zj —— xZ;

+10

s+1 s+1°
Let Z{ = Z{[x],Z} | = Z{, | [x] and Z{ = Z{[t],Z! | = Z{_,[t], then Z{ ——p tZ} |,
s=0,1,2,... 0

We introduce notations for some terms:
(t1y.. . ty) = Axxty...ty, wherex €V, ;, €A, x€FV(t;), i=1,...,n, n>1;
U'=Axi...xpx;,Wherex; €V, k# j=x Zx;, k,j=1,...,n, 1 <i<n, n>1;
P'=AxxU!',wherexcV, 1 <i<n, n>1; Q= (Ax.xx)(Ax.xx), where x € V.
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Untyped functional program P is the following system of equations:
Fi=t[R,....F)],

. ()

F,=t]F,...,F],

whereF,-eV,i;éj:Fi;—éFj, l‘,'[F],...,Fn]EA, FV(Z[[F],...,FH])C{Fl,...,Fn},
iLhj=1,...,n, n>1.

A sequence of terms (7, ..., T,) will be a solution of the program P, if for all
i=1,...,nwe have:
T =g ti[T1,. ., Ta)-
We consider the solution (7y,...,T,) of the program P, where
T = PHZ(Ax.(ti[Px,...,B)x],... . ty[P!x,...,P}x]))), x €V, Z & Aandis a fixed
point combinator, i = 1,...,n. The term 7, is the basic semantics of the program P

denoted by Tp.

Fix(P,Z) = {(Dl,...,vk,to)‘fp’l)l Vg —m—p lo, by € NFO, V; € NFO or
vV, =Q,j=1,....k, k>0}.

Theorem 3. (On the invariance of the baic semantics of untyped func-
tional programs). For any untyped functional program P and for any fixed point
combinators Z;,Z, we have:

Fix(P,Z)) = Fix(P,Z).

Proof. Follows from the results of [[6].

Theorem 4. (On substitutions for untyped functional programs). Let
Tp be the basic semantics of an untyped functional program P of the form (2),
U, V2,..., U be terms, where v; € NF? or v, =Q, j=1,....k, k>0 and
fo € NFY, then:

VL. 0 =g to & s > 1, H[F1,..., F]uiv... 0 ——p o,
where 2Fi,....F,) = F, t[FR,....F] =4t R, El.. A, Fl,
r>1,i=1,...,n, n>1.

Proof. Follows from the results of [5,[6].

Lemma 2. Let P be an untyped functional program of the form (2) and Z
be a fixed point combinator. Then, there exists a sequence of terms 7y, 77,. .. such
that Ty = Z(Ax.(t|[P]'x,...,P)x],... ,ty[P{x,...,P’x])) and for any s > 0 we have:
P'Ty ——p ti[PTyr1,. . PyToy], 1<i<n, n>1.

Proof.Lett =Ax.(t[P/x,...,Px],... ,t,[P]'x,...,Px]), from the Lemma 1
it follows that there exists a sequence of the terms Zj,Z{,Z,... such that
Z; ——ptZ;,  forany s >0.Let Ty=Z forany s>0, then:

PI'Ty ——g P'(Ax.(t1[PIx, ..., Pix], .ot [PIx, o BYX])) Ty 1) ——p
Pin(<t1 [P]nTSJrl, ...’P;l,l’[:g+l}, ...,tn[P]nT:v+1, ,P,,?T;HD) — B l‘i{PlnTHl, ...,P,;l]}+1]. Il

3. Translation. Let M be a recursive, partially ordered set, which has a least
element | and every element of M is comparable with itself and with L. Every
m € M is mapped to an untyped term m’ in the following way:

if me M\ {L}, thenm’ € NFand for any m,my € M\ {L},my #my=mi' Zmy)/;
if m= 1, thenm' =Q = (Ax.xx)(Ax.xx).
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We say that an untyped term ® A-defines (see [3]]) the function f : M* — M

(k > 0) with indeterminate values of arguments, if for any my, ... ,m; € M we have:
flmy,...om) =m# L= dmy'...m' ——pgm';
flmy,....mg) = L = dmy’...my’ does not have a head normal form.

We consider typed terms using a recursive set of functions C, every f € C is
a strong computable function with intermediate values of arguments, which has an
untyped A-term that A-defines it. From [3] it follows, that every f € C is a strong
computable, monotonic function with indeterminate values of arguments. Therefore,
according to [8], there exists a canonical notion of §-reduction for the set C. Let
us consider the algorithm of translation of any typed term ¢ to an untyped term 7’
studied in [8]]:

ift=meM, thent =w';

ift € C, then FV (') = 0 and ¢’ A-defines t;

ift=xc VT, thenx' €V and for any x,x0 € VT, x| Zx, = x|’ Zx2';

ift=1(n,...,tr), k> 1,thent’ =71y ...1)/;

ift=Ax;...x,[t], n> 1, thens = Ax)"...x,/. 7.

The main result of [[8]] is the Lemma 3 (Theorem 3 in [8]]).

Lemma 3.

LteNy, t w—pgsm, me M\{L} =1 ——pgm;

2.t €A}y, FV(1)=0, t »—pgs L =1t does not have a head normal form.

Let P be a typed functional program of the form and P’ be the untyped
functional program (the result of the translation) obtained by replacing typed terms
for corresponding untyped terms in program P. Program P’

Fll :ti[F1,7"'7FT:]7
3)
E —{[Fl,....F]].

Theorem 5. (On translation). Let fp € [M" — M|,k > 1, be the basic se-
mantics of a typed functional program P of the form and let 7p be the
basic semantics of the untyped functional program P’ of the form , then for all
my,...,mx € M we have:

fp(ml,...,mk) =m# 1= Tp/mll m}€ — B m';

fe(mi,...,my) = L = tpm| ...m does not have a head normal form.
Proof. Let fp(my,...,m) =m # L, then, according to the Theorem 2,
ds > Lt{[F,...,F)](my,...,m) ——pgs m, therefore, according to the point 1 of

the Lemma 3, ¢’[F{,...,F,]m}...m; ——g m' and, according to the Theorem 4,
Tpm . ..my ——g .
Let fp(mj,...,m;) = L. There are 2 possible cases:
a) there exists s > 1 and term b € A such that
telF], ... Fylm} ...m ——p band FV(b) = 0;
b) for any s > 1 and for any term b € A we have:
1O[F], ... Fylmy ...my ——p b= FV(b) #0.
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Case (a). Let Q; be a term corresponding to the least element of the type
of variable F; obtained by the operation of abstraction and using L, i=1,...,n.
According to the Theorem 1, £ [Qy,...,Q,](my,...,mg) ~ L, therefore, according to
the Definition|[T] (point 2), §[Q,. .., Q] (m1,...,mi) ——p5 L and, according to the
point 2 of the Lemma 3, the term ¢*[Q},...,Q,]m|...m| does not have
a head normal form. Since t’[F{,...,F,m}...m; ——p b and FV(b) = 0, then
119, ]m) ...mj ——p b and the term b does not have a head normal form,
therefore, the term #°[F},...,F,|m}...m; does not have a head normal form. It
follows that the term ¢}*[P]'Ty, . .., P! Ty|m, .. .m), does not have a head normal form too
(see [4]). According to the Lemma 2, tpm| ...my ——g t*[P{ Ty, ..., By Tm) ...m),
and, therefore, the term Tpm) ...m) does not have a head normal form.

Case (b). If there exists such s > 1 that ¢{*[F],...F,]m ...m) does not have a
head normal form, then ¢*[P'Ty, ..., P} T;]m ...m) does not have a head normal form
[4]. Since, according to the Lemma 2, Tpim| ...mj ——pg 11’ [P['Ty, ..., Py Tlm ...my,
then the term tpim| ...m) does not have a head normal form.

The only remaining case is when for any s > 1, #*[F/,... F,|m|...m} has
a head normal form.We prove that these head normal forms have one of F{,...,F,
as a head variable. We assume the opposite: there exists such s > 1 that
1OLF], . By lmy.omy ——g Axy..xp.yd)...dj, where x1,...,.x,,y €V, y & {F,...,F,},
di,....d €A, hil>0.Let Q; be the term corresponding to the least element
of the type of the variable F; obtained by the operation of abstraction and using
1,i=1,...,n. According to the Theorem 1, #{[Q,...,Q,](mi,...,my) ~ L, there-
fore, according to the point 2 of the Deﬁnition 111, Q] (my,...,mp) ——ps L
and, according to the point 2 of the Lemma 3, the term #°[Q},...,Q;]m] ...m) does
not have a head normal form. But #{°[Q,...,Q |m,...,m ——

Axy...xpyd [Q),. .., Q). .. di[Q],...,Q)], which is a head normal form.

Let for any s > 1 ¢['[F],...,F,]m) ...m) have a head normal form and let its
head variable be one of the F|,...,F,.

Let t'[F/,... F)lm} ...m} ——p Oi[F{,...,F;] € HNF, then
12[F],... . Fjlm) ...m ——p O[t|[F],....F)),....t)[F{,... ,F]] =—p 6:[F},...,F)] €
HNF and so on. Therefore, for all s > 1 we have: 1"\ [F/,... ,Fjlm|...m| —>—g
Ot [F],....Fy],....ty[F{,...,F]]] =—p 61[F],...,F,] € HNF and the head
variable is one of the variables F/,...,F,.

According to the Lemma 2, we have:

Tplmll m}c — B ti[PflT1,...,P,;ln]mll...m;( — B

0, [PlnTl, . ,PnnTl] — B 0, [l‘i [PlnTz, . ,PnnTz], A ,l‘,;[PlnTz, ... ,Pn"Tz]] — B

92[P{1T2, e ,P;Tz] ——B 92[1‘{ [P?Tg,, e ,P;:T:,‘], ce. ,t,/l[PilTj,, ce. ,P;ZT‘?,H =BT B
O,[PIT,,...,PIT,| ——g 1) [P'Tys1,..., P2 Tog1 ]y L [PP o1, PR )] ——5p

In the reducing chain an infinite number of times the head B-redex is
convoluted. Therefore, the term ’L'p/m’l ... m;c does not have a head normal form. [
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