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6FLHQWLILF VHFUHWDU\ RI WKH VSHFLDOL]HG &RXQFLO
'U� RI 3K\V� 0DWK� 6FLHQFHV .�/� $YHWLV\DQ



2YHUYLHZ

7RSLFDOLW\� ,Q WKH ����V� DW WKH 8QLYHUVLW\ RI +DPEXUJ� :� %ODVFKNH VHW WKH VWDJH IRU H[�
SORULQJ WKH DSSOLFDWLRQ RI SUREDELOLVWLF FRQFHSWV LQ GHULYLQJ JHRPHWULFDOO\ VLJQLILFDQW UHVXOWV�
SDUWLFXODUO\ IRU FRQYH[ ERGLHV �VHH WKH SUHIDFH RI >�@�� 7KH H[LVWHQFH RI D ELMHFWLRQ EHWZHHQ
ERXQGHG FRQYH[ ERGLHV �XS WR WUDQVODWLRQV DQG UHIOHFWLRQV� DQG WKHLU FKRUG OHQJWK GLVWULEXWLRQ
IXQFWLRQV WXUQHG RXW WR EH QRW DOZD\V SRVVLEOH� HYHQ IRU SRO\JRQV �VHH >�@�� 6XEVHTXHQWO\�
LQ ����� *� 0DWKHURQ >�@ SXW IRUWK D FRQMHFWXUH VXJJHVWLQJ WKDW� UDWKHU WKDQ UHO\LQJ RQ WKH
FKRUG OHQJWK GLVWULEXWLRQ IXQFWLRQ� WKH FRYDULRJUDP RI D FRQYH[ ERG\ LQRn� RU HTXLYDOHQWO\�
LWV RULHQWDWLRQ�GHSHQGHQW FKRUG OHQJWK GLVWULEXWLRQ �2'&/'� IXQFWLRQ� FRXOG VHUYH DV VXFK
D GHWHUPLQLVWLF FKDUDFWHULVWLF� 5HJDUGLQJ WKLV K\SRWKHVLV� SLYRWDO UHVXOWV HPHUJHG XQWLO ����
�VHH >�@�>�@�� GHPRQVWUDWLQJ UHMHFWLRQ IRU n ≥ 4 EXW YDOLGDWLRQ IRU DOO SODQDU FRQYH[ GR�
PDLQV DQG WKUHH�GLPHQVLRQDO FRQYH[ SRO\WRSHV� 6LQFH WKHQ� WKH H[DPLQDWLRQ RI RULHQWDWLRQ�
GHSHQGHQW FKRUG OHQJWK GLVWULEXWLRQ DQG FRYDULRJUDP IRU GLYHUVH JHRPHWULF VKDSHV KDV DF�
TXLUHG VLJQLILFDQW LPSRUWDQFH ZLWKLQ WKH VFRSH RI UHVHDUFKLQJ WKH UHFRJQLWLRQ RI D FRQYH[
ERG\ EDVHG RQ WKH GLVWULEXWLRQ RI FKDUDFWHULVWLFV ZLWKLQ LWV ORZHU�GLPHQVLRQDO VHFWLRQV �IRU
UHFHQW UHVXOWV VHH >�@�>��@�� ,W FRQVWLWXWHV D FHQWUDO WDVN LQ JHRPHWULF WRPRJUDSK\� D ILHOG RI
PDWKHPDWLFV LQWURGXFHG E\ 5� *DUGQHU LQ ���� >��@�

7KLV WKHVLV QRW RQO\ H[WHQGV WKH PHQWLRQHG OLQH RI LQTXLU\ WR D QRYHO FODVV RI FRQYH[
ERGLHV EXW DOVR� LQ OLQH ZLWK %ODVFKNH¶V OHJDF\� H[SORUHV RWKHU VWRFKDVWLF PRGHOV WKDW HVWDE�
OLVK FRQQHFWLRQV EHWZHHQ WKH JHRPHWULF DQG SUREDELOLVWLF FKDUDFWHULVWLFV RI FRQYH[ ERGLHV�
7KH GLYHUVH QDWXUH RI WKH PRGHOV OHDGV WR YDULRXV SUREOHPV UHTXLULQJ D XQLTXH DSSURDFK WR
RYHUFRPH GLIILFXOWLHV RI GLIIHUHQW W\SHV DQG OHYHOV� $Q H[DPSOH WKDW VHUYHG DV PRWLYDWLRQ IRU
WKLV ZRUN ZDV D FODVVLFDO UHVXOW E\ 5� 6XODQNH >��@ FRQFHUQLQJ WKH SUREDELOLW\ PDVV IXQFWLRQ
RI WKH QXPEHU RI LQWHUVHFWLRQ SRLQWV JHQHUDWHG E\ WKUHH UDQGRP OLQHV ZLWKLQ D SODQDU FRQYH[
ERG\� ,QFUHDVLQJ WKH QXPEHU RI OLQHV VLJQLILFDQWO\ HOHYDWHV WKH FRPSOH[LW\ RI GHWHUPLQLQJ
WKH DIRUHPHQWLRQHG SUREDELOLW\ PDVV IXQFWLRQ�

$QRWKHU ZHOO�NQRZQ UDQGRP YDULDEOH LQYROYHG LQ WKLV UHVHDUFK LV WKH (XFOLGHDQ GLVWDQFH
EHWZHHQ WZR UDQGRP SRLQWV FKRVHQ LQGHSHQGHQWO\ DQG XQLIRUPO\ IURP D ⊂ Rd �VHH >�@�
FKDSWHU ��� ([WHQVLYH UHVHDUFK KDV EHHQ FRQGXFWHG RQ WKLV UDQGRP YDULDEOH IRU YDULRXV
ERXQGHG ERGLHVD� LQFOXGLQJ FRPSXWDWLRQ RI WKH DYHUDJH GLVWDQFH ZLWKLQ D FXEH >��@ �NQRZQ
DV 5REELQV FRQVWDQW�� RQ WKH VXUIDFH RI D FXEH >��@� ZLWKLQ D K\SHUEDOO >��@� DV ZHOO DV ERXQG�
LQJ WKH DYHUDJH GLVWDQFH ZLWKLQ D K\SHUFXEH >��@ RU IXUWKHUPRUH� ZLWKLQ FRPSDFW VXEVHWV RI
Rd ZLWK XQLW GLDPHWHU >��@� 7KH UHVXOWV NQRZQ IRU D FXEH ZHUH H[WHQGHG WR WKH �WK DQG �WK
GLPHQVLRQV >��@ EXW IRU KLJKHU GLPHQVLRQV WKH LQFUHDVH RI DOJHEUDLF FRPSOH[LW\ DVVRFLDWHG
ZLWK GHULYDWLRQ SURFHGXUHV ZDV D VWURQJ OLPLWLQJ IDFWRU� ,Q GLPHQVLRQV d ≤ 3� FORVHG�IRUP
H[SUHVVLRQV DUH REWDLQHG IRU WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ �3')� RI Dd(D) LQ >��@�>��@
IRU QXPHURXV JHRPHWULF VKDSHV RI D� )RU d�GLPHQVLRQDO FRQYH[ ERGLHV� D UHODWLRQ EHWZHHQ
LQWHJUDOV IRU WKH SRZHUV RIDd(D) DQG UDQGRP FKRUG OHQJWK LQ D LV ZHOO NQRZQ �VHH >�@� SS�

�



������� $ FRQQHFWLRQ EHWZHHQ WKH FKRUG OHQJWK GLVWULEXWLRQ RI DQ LQILQLWHO\ ORQJ F\OLQGHU DQG
WKDW RI LWV EDVH LV FRQVLGHUHG LQ >��@� 5HODWLRQV EHWZHHQ WKH FKRUG OHQJWK GLVWULEXWLRQ IXQF�
WLRQ RI D DQG WKH GLVWULEXWLRQ IXQFWLRQ RI Dd(D) DUH H[SORUHG LQ >��@ DQG >��@� FRQGLWLRQDO
PRPHQWV RI Dd(D) DUH LQWURGXFHG DQG VWXGLHG LQ >��@� $ XQLILHG DSSURDFK IRU GHWHUPLQLQJ
WKH 3') RI Dd(D) IRU W\SLFDO FRPSDFW VHWV LV VXJJHVWHG LQ >��@� ,W DOVR SURYLGHV D JRRG OLVW
RI UHIHUHQFHV IRU UHODWHG UHVXOWV RI WKHRUHWLFDO DQG DSSOLHG FKDUDFWHU�

2EMHFWLYHV�

� (QODUJH WKH FODVV RI FRQYH[ ERGLHV WKDW DGPLW DQ H[SOLFLW UHSUHVHQWDWLRQ RI WKHLU 2'�
&/' IXQFWLRQ DQG WKH FRYDULRJUDP LQ WHUPV RI WKHLU JHRPHWULF FKDUDFWHULVWLFV�

� )RU D SODQDU FRQYH[ ERG\ D� H[SORUH WKH UHODWLRQVKLS EHWZHHQ WKH SUREDELOLWLHV RI D
FHUWDLQ QXPEHU RI UDQGRP OLQHV SURGXFLQJ D JLYHQ QXPEHU RI LQWHUVHFWLRQ SRLQWV LQVLGH
D DQG D IDPLO\ RI JHRPHWULF LQYDULDQWV RI D�

� ([WHQG WKH FRQFHSW RI D FRYDULRJUDP IURP ERXQGHG FRQYH[ ERGLHV WR WKH HQWLUH VSDFH
Rd HQVXULQJ WKDW WKH FRUUHVSRQGHQFH EHWZHHQ WKH FRYDULRJUDP DQG LQWHUSRLQW GLVWDQFH�
REVHUYHG LQ ERXQGHG FRQYH[ ERGLHV� LV PDLQWDLQHG�

5HVHDUFK PHWKRGV� 0HWKRGV IURP ,QWHJUDO DQG 6WRFKDVWLF *HRPHWU\ DQG 3UREDELOLW\
7KHRU\ DUH DSSOLHG�

6FLHQWLILF QRYHOW\� $OO PDLQ UHVXOWV DUH QHZ� $ VXPPDU\ LV SURYLGHG LQ WKLV ERRNOHW
ULJKW DIWHU WKH PDLQ FRQWHQW�

7KHRUHWLFDO DQG SUDFWLFDO YDOXH� 7KH PDLQ UHVXOWV RI WKH ZRUN DUH WKHRUHWLFDO� 3RVVLEOH
SUDFWLFDO DSSOLFDWLRQV PD\ UHIHU WR PHGLFLQH� VWHUHRORJ\� FU\VWDOORJUDSK\� VSDWLDO DQDO\VLV�
DQG PDFKLQH OHDUQLQJ�

$SSUREDWLRQ� 7KH PDLQ UHVXOWV RI WKH ZRUN ZHUH SUHVHQWHG

� UHJXODUO\� GXULQJ WKH VFLHQWLILF VHPLQDUV DW WKH &KDLU RI 3UREDELOLW\ 7KHRU\ DQG 0DWK�
HPDWLFDO 6WDWLVWLFV DW <HUHYDQ 6WDWH 8QLYHUVLW\�

� LQ WKH $08 DQQXDO VHVVLRQ GHGLFDWHG WR WKH ���WK DQQLYHUVDU\ RI WKH $UPHQLDQ 0DWK�
HPDWLFDO 8QLRQ� 1RY �� �����

� LQ WKH ,QWHUQDWLRQDO &RQIHUHQFH� 0DWKHPDWLFV LQ $UPHQLD� $GYDQFHV DQG 3HUVSHF�
WLYHV� ,,,� -XO\ ���� �����

� LQ WKH <68 XQLYHUVLW\�ZLGH VXE�FRQIHUHQFH RI WKH &HQWHU IRU 0DWKHPDWLFDO DQG $S�
SOLHG 5HVHDUFK� $SULO ���� �����

�



3XEOLFDWLRQV� 7KH UHVXOWV SUHVHQWHG LQ WKH WKHVLV DUH SXEOLVKHG LQ ILYH SDSHUV� FRPSULVLQJ
IRXU VFLHQWLILF DUWLFOHV DQG DQ DEVWUDFW IURP DQ LQWHUQDWLRQDO FRQIHUHQFH WKHVLV� 7KH OLVW LV
DFFHVVLEOH ZLWKLQ WKLV ERRNOHW� SRVLWLRQHG DW WKH FRQFOXVLRQ RI WKH UHIHUHQFHV VHFWLRQ�

7KH VWUXFWXUH DQG WKH FRQWHQW RI WKH WKHVLV� 7KH WKHVLV FRQVLVWV RI DQ LQWURGXFWLRQ�
WKUHH FKDSWHUV� D VXPPDU\� DQG UHIHUHQFHV� 7KH QXPEHU RI UHIHUHQFHV LV ��� 7KH WKHVLV
FRPSULVHV ��� SDJHV�

7KH 0DLQ &RQWHQW RI WKH 7KHVLV

7KH LQWURGXFWLRQ UHSUHVHQWV WKH OLWHUDWXUH UHYLHZ DQG WKH RYHUYLHZ RI WKH PDLQ UHVXOWV�
7KH ILUVW FKDSWHU IRFXVHV RQ ILQGLQJ DQ H[SOLFLW UHSUHVHQWDWLRQ RI WKH 2'&/' IXQFWLRQ

IRU DQ\ ULJKW SULVP EDVHG RQ DQ DUELWUDU\ FRQYH[ TXDGULODWHUDO� 6HFWLRQV ������� VKRZFDVH
SUHOLPLQDULHV DQG RXU HDUO\ GLVFRYHULHV >��@ UHJDUGLQJ WKH 2'&/' IXQFWLRQV RI D UHFWDQJXODU
SDUDOOHOHSLSHG DQG D ULJKW SULVP EDVHG RQ D ULJKW WUDSH]RLG�

7KH QHFHVVDU\ WHUPLQRORJ\ WR EXLOG WKH 2'&/' IXQFWLRQ RI D TXDGULODWHUDO LV SURYLGHG LQ
6HFWLRQ ���� ,Q D &DUWHVLDQ SODQH� IRU DQ\ FRQYH[ TXDGULODWHUDO' WKHUH DUH SRLQWVB(b, 0), b >
0� A ∈ {(x, y) : x ≥ 0, y > 0}� DQG C ∈ {(x, y) : x > 0, y > 0} VXFK WKDW ' LV FRQJUXHQW
WR WKH TXDGULODWHUDOOACB� ZKHUHO LV WKH RULJLQ RI FRRUGLQDWHV� :H ZLOO FDOO VXFK D TXDGUL�
ODWHUDO DQ LPDJH RI '� 7KH VLGH OB ZLOO EH FDOOHG WKH EDVH� WKH VLGHV OA DQG BC ZLOO EH
FDOOHG OHJV� α DQG β ZLOO VWDQG IRU WKH LQFOLQDWLRQ DQJOHV �PHDVXUHG DQWLFORFNZLVH IURP WKH
SRVLWLYH GLUHFWLRQ RI x�D[LV� RI WKH OHJVOA DQGBC� UHVSHFWLYHO\� ,I α ≤ β WKHQ WKH TXDGUL�
ODWHUDOOABC ZLOO EH FDOOHG D VWDQGDUG LPDJH RI'� ,I α0 DQG β0 DUH WKH LQFOLQDWLRQ DQJOHV
RI WKH GLDJRQDOV OC DQG BA� UHVSHFWLYHO\� WKHQ ZH XVH WKH QRWDWLRQ 's = [b,α0,α,β,β0]
IRU WKDW VWDQGDUG LPDJH RI '� 7KH YDOXHV α0,α,β,β0 GHWHUPLQH DQRWKHU SDUDPHWHU γ� WKH
LQFOLQDWLRQ DQJOH RI AC� :H FODVVLI\ WKH VWDQGDUG LPDJHV LQWR WZR FDWHJRULHV EDVHG RQ WKH
YDOXH RI γ� 'XH WR FRQYH[LW\ RI '� HLWKHU 0 ≤ γ < α0� RU β0 < γ < π� ,I WKH ILUVW LQHTXDOLW\
RFFXUV� ZH ZLOO FDOO WKH VWDQGDUG LPDJH WR EH RI 7\SH �� RWKHUZLVH � RI 7\SH ��

,Q WKH XSFRPLQJ WH[W� Ln ZLOO VWDQG IRU WKH n�GLPHQVLRQDO /HEHVJXH PHDVXUH� DQG Sn
IRU WKH XQLW VSKHUH LQ Rn+1� /HW lϕ EH WKH VXEVSDFH RI R2 VSDQQHG E\ WKH YHFWRU φ =
(FRVϕ, VLQϕ) ∈ S1� %\ φ⊥ ZH GHQRWH WKH RUWKRJRQDO FRPSOHPHQW RI lϕ LQ R2� )RU DQ\
y ∈ φ⊥� OHW lϕ + y EH WKH OLQH SDUDOOHO WR φ DQG SDVVLQJ WKURXJK y� )RU D ERXQGHG FRQYH[ VHW
E ⊂ R2� ZH GHQRWH χ(lϕ + y) = L1

(
(lϕ + y) ∩ E

)
, DQG� LI WKH OLQH lϕ + y KDV D FRPPRQ

VHJPHQW ZLWK E� WKHQ ZH ZLOO VD\ WKDW LW PDNHV D FKRUG LQ E RI OHQJWK χ(lϕ + y)�
/HW ΠE(ϕ) EH WKH RUWKRJRQDO SURMHFWLRQ RI E RQWR φ⊥� $VVXPLQJ WKDW y LV XQLIRUPO\

GLVWULEXWHG RYHU ΠE(ϕ)� WKH 2'&/' IXQFWLRQ LQ GLUHFWLRQ φ IRU E LV GHILQHG E\

FE(x,ϕ) =
L1(Πx

E(ϕ))

bE(ϕ)
,

�



ZKHUH Πx
E(ϕ) = {y ∈ ΠE(ϕ) : χ(lϕ + y) ≤ x} DQG bE(ϕ) = L1(ΠE(ϕ))�

6LQFH lϕ−π = lϕ� ZH FDQ DVVXPH ϕ ∈ [0, π)� 7R GHWHUPLQH WKH 2'&/' IXQFWLRQ
F's(x,ϕ) ZH XVH WKH TXDQWLWLHV

x0(ϕ) = PLQ
y∈φ⊥

v

χ(lϕ + y) DQG x1(ϕ) = PD[
y∈φ⊥

v

χ(lϕ + y),

ZKHUH φ⊥
v LV WKH VHW RI YHFWRUV y ∈ φ⊥ VR WKDW WKH OLQH lϕ + y SDVVHV WKURXJK D YHUWH[ RI 's

DQG PDNHV D FKRUG RI SRVLWLYH /HEHVJXH PHDVXUH WKHUH� 7KH TXDQWLW\ x1(ϕ) FRLQFLGHV ZLWK
WKH OHQJWK RI WKH ORQJHVW FKRUG

xPD[(ϕ) = PD[
y∈Π's (ϕ)

χ(lϕ + y),

DQG DQ\ FKRUG RI OHQJWK xPD[(ϕ) LV NQRZQ DV D ϕ�GLDPHWHU RI 's �VHH >��@� S� ����� :H
H[WHQG WKLV FRQFHSW� LQ WKH XSFRPLQJ WH[W� ZKHUH FRQYHQLHQW� ZH ZLOO FDOO LW D ILUVW�RUGHU
ϕ�GLDPHWHU RI's� DQG DQ\ FKRUG RI OHQJWK x0(ϕ)ZLOO EH FDOOHG D VHFRQG�RUGHUϕ�GLDPHWHU
RI 's�

,Q DGGLWLRQ WR x0(ϕ) DQG x1(ϕ)� ZH LQWURGXFH WKUHH PRUH RULHQWDWLRQ�GHSHQGHQW FKDUDF�
WHULVWLFV (0(ϕ)� ((ϕ)� DQG (1(ϕ) RI WKH VWDQGDUG LPDJH 's = [b,α0,α,β,β0]� 7KHVH FKDUDF�
WHULVWLFV DUH QRQ�QHJDWLYH FRQWLQXRXV IXQFWLRQV DQG VDWLVI\ WR b's(ϕ) = (0(ϕ)+((ϕ)+(1(ϕ)
IRU DOO ϕ ∈ [0,π).:H FDOO WKHP VXSSOHPHQWDU\ ϕ�PHDVXUHV RI 's. 7KH FKDUDFWHULVWLFV DUH
GHILQHG FDVH E\ FDVH LQ 6HFWLRQ ���� 5HDGHUV� DOUHDG\ IDPLOLDU ZLWK WKH FRQFHSW RI ;�UD\ �UH�
IHU WR &KDSWHU � RI >��@�� PD\ EHQHILW ZKLOH FRQWHPSODWLQJ WKH RULJLQV DQG VLJQLILFDQFH RI WKH
QHZO\ LQWURGXFHG RULHQWDWLRQ�GHSHQGHQW FKDUDFWHULVWLFV� 7R GHWHUPLQH WKH 2'&/' IXQFWLRQ�
DFTXLULQJ RULHQWDWLRQ�GHSHQGHQW ;�UD\V LV VXIILFLHQW �VHH� IRU H[DPSOH� >��@�� 7KHVH ;�UD\V�
ZKLFK H[KLELW FRQYH[ IXQFWLRQV ZLWK XS WR WKUHH JUDSK SLHFHV IRU D FRQYH[ TXDGULODWHUDO� FDQ
EH DFFXUDWHO\ GHWHUPLQHG XVLQJ ϕ�GLDPHWHUV DQG VXSSOHPHQWDU\ ϕ�PHDVXUHV DV QHFHVVDU\
SDUDPHWHUV�

7KH ILUVW FRPSUHVVHG UHVXOWV DUH SUHVHQWHG LQ 6HFWLRQ ���� ZKHUH WKH2'&/' IXQFWLRQ DQG
WKH FRYDULRJUDP RI D FRQYH[ TXDGULODWHUDO DUH IRXQG LQ WHUPV RI WKH OHQJWKV RI RULHQWDWLRQ�
GHSHQGHQW GLDPHWHUV DQG VXSSOHPHQWDU\ PHDVXUHV�

7KHRUHP ������ /HW's EH D VWDQGDUG LPDJH RI D FRQYH[ TXDGULODWHUDO' DQG 0 ≤ ϕ < π�
,I x1, x0 DUH WKH OHQJWKV RI UHVSHFWLYHO\ WKH ILUVW DQG WKH VHFRQG�RUGHU ϕ�GLDPHWHUV� DQG
(0, (, (1 DUH WKH VXSSOHPHQWDU\ ϕ�PHDVXUHV RI 's� WKHQ

F's(x,ϕ) =
1

(0 + (+ (1






0, LI x < 0(
(0
x0

+
(1
x1

)
x, LI 0 ≤ x < x0(ϕ)

(0 +
x− x0

x1 − x0
(+

x

x1
(1, LI x0(ϕ) ≤ x < x1(ϕ)

(0 + (+ (1, LI x ≥ x1(ϕ)

.

�



&RUROODU\ ������ 7KH IXQFWLRQ F's(·,ϕ) LV FRQWLQXRXV RQ WKH UHDO D[LV LI DQG RQO\ LI WKH
ϕ�GLDPHWHU RI's LV XQLTXH� ,I IRU VRPH ϕ� WKH ϕ�GLDPHWHU RI's LV QRW XQLTXH WKHQ F'S (·,ϕ)
KROGV D MXPS GLVFRQWLQXLW\ DW xPD[(ϕ)� 7KH MXPS LV HTXDO WR

(

(0 + (+ (1
.

%HORZ� WKH QRWDWLRQ C's(t,ϕ) VWDQGV IRU WKH FRYDULRJUDP C's(tφ)� ZKHUH t ≥ 0�
7KHRUHP ������ /HW's EH D VWDQGDUG LPDJH RI D FRQYH[ TXDGULODWHUDO' DQG 0 ≤ ϕ < π�

,I x1, x0 DUH WKH OHQJWKV RI UHVSHFWLYHO\ WKH ILUVW DQG WKH VHFRQG�RUGHU ϕ�GLDPHWHUV� DQG
(0, (, (1 DUH WKH VXSSOHPHQWDU\ ϕ�PHDVXUHV RI 's� WKHQ C's(t,ϕ) =

=






x0(0 + (x0 + x1)(+ x1(1
2

− ((0 + (+ (1)t+
1

2

(
(0
x0

+
(1
x1

)
t2, LI 0 ≤ t < x0

1

2

(
(1
x1

+
(

x1 − x0

)
(x1 − t)2, LI x0 ≤ t < x1

0, LI t ≥ x1

.

)RU D VWDQGDUG LPDJH's = [b,α0,α,β,β0]� FRQVLGHUΛ = {α, β}, ∆ = {α0, β0}, Σ =
{0, α, γ, β},ZKLFK DUH WKH VHWV RI WKH LQFOLQDWLRQ DQJOHV RI WKH OHJV� GLDJRQDOV� DQG WKH VLGHV
RI's� UHVSHFWLYHO\� )RU DQ\ϕ ∈ [0, π),ZH GHILQH WKH IXQFWLRQVXϕ : Λ×∆×Σ\{ϕ} −→ R
DQG Lϕ : (Λ×∆) ∪ (∆× Λ) −→ R E\

Xϕ(x, y, z) =
b VLQx VLQ(y − z)

VLQ(y − x) VLQ(z − ϕ)
, Lϕ(x, y) =

b VLQ(x− ϕ) VLQ y
VLQ(x− y)

.

,Q 6HFWLRQ ���� DOO ILYH RULHQWDWLRQ�GHSHQGHQW FKDUDFWHULVWLFV� x0(ϕ), x1(ϕ), (0(ϕ), ((ϕ), (1(ϕ)
DUH FRPIRUWDEO\ H[SUHVVHG E\ Xϕ DQG Lϕ IRU ERWK 7\SH � DQG 7\SH � LPDJHV�

7KH ODVW VHFWLRQ RI WKH ILUVW FKDSWHU LV GHYRWHG WR WKH TXHVWLRQ RI ILQGLQJ WKH 2'&/'
IXQFWLRQ DQG WKH FRYDULRJUDP RI D ULJKW TXDGULODWHUDO SULVP� 'HQRWH E\ 'h

s WKH ULJKW SULVP
{(x, y, z) : (x, y) ∈ 's, 0 < z ≤ h}� ZKHUH 's LV D VWDQGDUG LPDJH RI D FRQYH[ TXDGUL�
ODWHUDO� )RU D YHFWRU ω = (FRVϕ FRV θ, VLQϕ FRV θ, VLQ θ) ∈ S2, OHW ω⊥ EH WKH RUWKRJRQDO
FRPSOHPHQW RI {tω : t ∈ R} LQ R3� DQG Π'h

s
(ϕ, θ) EH WKH RUWKRJRQDO SURMHFWLRQ RI 'h

s RQWR
WKH SODQH ω⊥�

:H GHILQH WKH FKRUG OHQJWK GLVWULEXWLRQ IXQFWLRQ LQ GLUHFWLRQ ω IRU 'h
s E\

F'h
s
(t,ϕ, θ) =

L2{y ∈ Π'h
s
(ϕ, θ) : χ(l(ϕ,θ) + y) ≤ t}
b'h

s
(ϕ, θ)

,

ZKHUH l(ϕ,θ)+y LV WKH OLQH WKDW SDVVHV WKURXJK y ∈ ω⊥ DQG KDV GLUHFWLRQ YHFWRU ω� χ(l(ϕ,θ)+

y) = L1

(
(l(ϕ,θ) + y

)
∩ 'h

s ), DQG b'h
s
(ϕ, θ) = L2(Π'h

s
(ϕ, θ)).

�



'HQRWH xPD[(ϕ, θ) = PD[
y∈Π'hs

(ϕ,θ)
χ(l(ϕ,θ) + y).

7KHRUHP ������ )RU Dϕ ∈ [0, π)� OHW x1 DQG x0 EH WKH OHQJWKV RI WKH ILUVW DQG WKH VHFRQG�
RUGHU ϕ�GLDPHWHUV RI's� UHVSHFWLYHO\� /HW (0, (, (1 EH WKH VXSSOHPHQWDU\ ϕ�PHDVXUHV RI's�
DQG GHQRWH b's = (0+(+(1� 7KHQ� IRU WKH GLUHFWLRQω = (FRVϕ FRV θ, VLQϕ FRV θ, VLQ θ), 0 ≤
θ ≤ π

2 DQG WKH SULVP 'h
s � WKH IROORZLQJ VWDWHPHQWV WDNH SODFH�

�D� ,I WDQ−1 h
x0

< θ ≤ π
2 DQG 0 ≤ t < xPD[(ϕ, θ)� RU 0 ≤ θ ≤ WDQ−1 h

x0
DQG 0 ≤ t <

x0 VHF θ� WKHQ

F'h
s
(t,ϕ, θ) =

a1t+ a2t2

‖'s‖ VLQ θ + b'sh FRV θ
,

ZKHUH

a1 = h

(
(0
x0

+
(1
x1

)
FRV2 θ + b's VLQ 2θ, a2 = −3

2

(
(0
x0

+
(1
x1

)
VLQ θ FRV2 θ;

�E� ,I 0 ≤ θ ≤ WDQ−1 h
x0

DQG x0 VHF θ ≤ t < xPD[(ϕ, θ)� WKHQ x0 < x1 DQG

F'h
s
(t,ϕ, θ) =

c0 + c1t+ c2t2

‖'s‖ VLQ θ + b'sh FRV θ
,

ZKHUH
c0 = (h FRV θ +

x0

2
VLQ θ)

(
(0 −

(x0

x1 − x0

)
,

c1 = (h FRV2 θ + x1 VLQ 2θ)
(

(

x1 − x0
+

(1
x1

)
, c2 = −3

2
VLQ θ FRV2 θ

(
(

x1 − x0
+

(1
x1

)
.

&RUROODU\ ������ /HW

µ(ϕ, θ) = L2

(
{y ∈ Π'h

s
(ϕ, θ) : χ(l(ϕ,θ) + y) = xmax(ϕ, θ)}

)
.

7KH IXQFWLRQF'h
s
(·,ϕ, θ) LV FRQWLQXRXV RQ WKH UHDO D[LV LI DQG RQO\ LIµ(ϕ, θ) = 0� 2WKHUZLVH�

LI µ(ϕ, θ) > 0 IRU VRPH SDLU (ϕ, θ)� WKHQ F'h
s
(·,ϕ, θ) KDV D MXPS GLVFRQWLQXLW\ DW xPD[(ϕ, θ)�

7KH MXPS LV HTXDO WR
µ(ϕ, θ)

‖'s‖ VLQ θ + b'sh FRV θ
.

7KHRUHP ������ )RU Dϕ ∈ [0, π)� OHW x1 DQG x0 EH WKH OHQJWKV RI WKH ILUVW DQG WKH VHFRQG�
RUGHU ϕ�GLDPHWHUV RI's� UHVSHFWLYHO\� /HW (0, (, (1 EH WKH VXSSOHPHQWDU\ ϕ�PHDVXUHV RI's�
DQG GHQRWH b's = (0+(+(1� 7KHQ� IRU WKH GLUHFWLRQω = (FRVϕ FRV θ, VLQϕ FRV θ, VLQ θ), 0 ≤

�



θ ≤ π
2 � WKH FRYDULRJUDP C'h

s
(tω) = C'h

s
(t,ϕ, θ) RI WKH SULVP 'h

s KDV WKH IROORZLQJ UHSUH�
VHQWDWLRQ�

�D� ,I WDQ−1 h
x0

< θ ≤ π
2 DQG 0 ≤ t < xPD[(ϕ, θ)� RU 0 ≤ θ ≤ WDQ−1 h

x0
DQG 0 ≤ t <

x0 VHF θ� WKHQ

C'h
s
(t,ϕ, θ) =

(
‖'s‖ − b's FRV θ · t+

1

2

(
(0
x0

+
(1
x1

)
FRV2 θ · t2

)
(h− VLQ θ · t);

�E� ,I 0 ≤ θ ≤ WDQ−1 h
x0

DQG x0 VHF θ ≤ t < xPD[(ϕ, θ)� WKHQ x0 < x1 DQG

C'h
s
(t,ϕ, θ) =

1

2

(
(

x1 − x0
+

(1
x1

)
(x1 − FRV θ · t)2(h− VLQ θ · t).

&RQVLGHU DQ RSHQ FRQYH[ SODQDU GRPDLQD ZLWK SHULPHWHUL DQG DUHDF � :H ZLOO DVVXPH
WKDWD FRQWDLQV WKH RULJLQ RI WKH &DUWHVLDQ SODQH� DQG IRU D OLQH g ⊂ R2� ZH GHQRWH E\ (p,ϕ)
WKH SRODU FRRUGLQDWHV RI WKH IRRW RI WKH SHUSHQGLFXODU IURP WKH RULJLQ RQWR g� /HW [D] EH WKH
VHW RI DOO OLQHV LQ R2 WKDW PHHWD� /HW χ(g) = g ∩D EH WKH FKRUG LQD SURGXFHG E\ WKH OLQH
g� DQG |χ(g)| EH WKH OHQJWK RI χ(g)�

:H FRQVLGHU Nn� WKH QXPEHU RI LQWHUVHFWLRQ SRLQWV RI n UDQGRP OLQHV LQ D� JLYHQ WKDW
DOO n OLQHV PHHW D� DQG GHQRWH pnk = P(Nn = k)� ,W LV HDV\ WR REWDLQ p21 = 2πF

L2 �VHH� IRU
H[DPSOH� >�@� S� ���� 7KH IRUPXODV IRU LQWHUVHFWLRQ SUREDELOLWLHV p3k� VXJJHVWHG LQ >�@� S� ���
FRQWDLQ D PLVWDNH� 7KH FRUUHFW IRUPXODV DUH

p33 =
8I2 − U

L3
, p32 =

3U − 12I2
L3

, p31 =
6πFL− 3U

L3
,

HVWDEOLVKHG HDUOLHU E\ 5� 6XODQNH LQ >��@� ZKHUH

I2 =

∫

[D]
|χ(g)|2dg DQG U =

∫

g1∩g2∈D
u(g1, g2)dg1dg2,

ZKHUH u(g1, g2) GHQRWHV WKH SHULPHWHU RI WKH FRQYH[ TXDGULODWHUDO YHUWLFHG DW WKH SRLQWV RI
LQWHUVHFWLRQV RI WKH OLQHV g1 DQG g2 ZLWK WKH ERXQGDU\ ∂D� 7KH PHDVXUH HOHPHQW dg LV
LQWHUSUHWHG DV dg = dpdϕ�

7KH VHFRQG FKDSWHU RI WKH WKHVLV LV GHGLFDWHG WR GHULYLQJ H[SOLFLW IRUPXODV IRU SURED�
ELOLWLHV p4k� ZKHUH k = 1, 2, ..., 6� H[SUHVVHG LQ WHUPV RI QHZO\ GHILQHG LQYDULDQWV RI D�
7R DFKLHYH WKLV� ZH HPSOR\HG $PEDUW]XPLDQ¶V FRPELQDWRULDO DOJRULWKP �>��@� FKDSWHU �
DQG >��@�� $IWHU SUHOLPLQDULHV �6HFWLRQ ����� ZH DGDSWHG WKH FRPELQDWRULDO DOJRULWKP WR WKH
VSHFLILF FRQWH[W LQ 6HFWLRQ ���� 7RZDUGV WKH HQG RI WKH VHFWLRQ� 6XODQNH¶V IRUPXODV DUH UH�
SURGXFHG HIIRUWOHVVO\�

�



1HZ LQYDULDQWV DUH LQWURGXFHG LQ 6HFWLRQ ���� WKHQ p46 DQG p45 DUH FRPSXWHG�
'HILQLWLRQ ������ )RU DQ\ g1 ∩ g2 ∈ D ZH GHILQH

d(g1, g2) = |χ(g1)|+ |χ(g2)|, c(g1, g2) = µ
(
[χ(g1)] ∩ [χ(g2)]

)
,

u(g1, g2) =
∣∣∂
(
conv

(
∪2
i=1 gi ∩D

))∣∣,

DQG IRU DQ\ WKUHH OLQHV g1, g2, g3 VXFK WKDW gi ∩ gj ∈ D� 1 ≤ i < j ≤ 3 ZH GHILQH

v(g1, g2, g3) =
∣∣∂
(
conv

(
∪3
i=1 gi ∩D

))∣∣,

ZKHUH conv(X) GHQRWHV WKH FRQYH[ KXOO RI X ⊂ R2� DQG |∂Y | GHQRWHV WKH SHULPHWHU RI D
FRQYH[ GRPDLQ Y �

7KH QHZ GHILQLWLRQ RI u(g1, g2) FRLQFLGHV ZLWK WKH RQH ZH KDYH XVHG VR IDU�
$ORQJ ZLWK WKH ZHOO�NQRZQ LQYDULDQWV Ik =

∫
[D] |χ(g)|

kdg, k = 0, 1, 2, . . . OHW¶V FRQ�
VLGHU QHZ RQHV�

Dk =

∫

g1∩g2∈D
dk(g1, g2)dg1dg2, Ck =

∫

g1∩g2∈D
ck(g1, g2)dg1dg2,

Uk =

∫

g1∩g2∈D
uk(g1, g2)dg1dg2, Vk =

∫

gi∩gj∈D, 1≤i<j≤3
vk(g1, g2, g3)dg1dg2dg3.

7KHRUHP ������

p46 =
3U2 + 9C2 − 12D2 + 4V1

4L4
, p45 =

36D2 − 9U2 − 15C2 − 12V1

2L4
.

7KH UHPDLQLQJ SUREDELOLWLHV p4k� k ≤ 4 DUH FRPSXWHG LQ 6HFWLRQ ���� *LYHQ g1 ∩ g2 ∈
D� ZH GHQRWH E\ ρ1, ρ2, ρ3, ρ4 WKH OHQJWKV RI IRXU FRQVHFXWLYH VLGHV RI WKH TXDGULODWHUDO
conv

(
(g1∪g2)∩∂D

)
� 7R DYRLG DPELJXLW\� ZH ZLOO DOZD\V DVVXPH WKDW WKH ILUVW WZR VLGHV OLH

LQ GLIIHUHQW KDOI�SODQHV ZLWK UHVSHFW WR g1� ,I WZR OLQHV� H�J� g2 DQG g3� DUH IURP [D] EXW GR QRW
PHHW LQVLGHD� WKHQ d1, d2 ZLOO VWDQG IRU WKH OHQJWKV RI WKH GLDJRQDOV RI conv

(
(g2∪g3)∩∂D

)
�

DQG s1, s2 ZLOO UHSUHVHQW WKH OHQJWKV RI WKH VLGHV RI WKH TXDGULODWHUDO ZKLFK DUH GLIIHUHQW IURP
χ(g2),χ(g3)�

:H H[WHQG WKH VHW RI LQYDULDQWV RI D E\ WKUHH PRUH�

R =

∫

g1∩g2∈D

(
(ρ1 + ρ2)(ρ3 + ρ4) + (ρ2 + ρ3)(ρ4 + ρ1)

)
dg1dg2,

Qs =

∫

g2∩g3 &∈D
(s1 + s2)(d1 + d2 − s1 − s2)dg2dg3,

��



Qd =

∫

g2∩g3 &∈D
(d1 + d2)(d1 + d2 − s1 − s2)dg2dg3.

7KHRUHP ������ /HW p(1)44 EH WKH SUREDELOLW\ WKDW g1, g2, g3, g4 ∈ [D] SURGXFH � LQ�
WHUVHFWLRQ SRLQWV LQVLGH D DQG VRPH WKUHH RI WKHP LQWHUVHFW HDFK RWKHU LQVLGH D� 7KHQ
p44 = p(1)44 + p(2)44 , ZKHUH

p(1)44 =
6

L4
(2V1 − 4D2 + C2 + U2) DQG p(2)44 =

3

L4

(
3U2 + C2

2
− 8I3 − 2R−Qs

)
.

7KUHH LQWHUVHFWLRQ SRLQWV PDGH E\ IRXU OLQHV IURP [D] FDQ RFFXU LQ WKUHH ZD\V�
(YHQW �� 7KH OLQHV SURGXFH WKUHH FKRUGV HDFK SRVVHVVLQJ WZR LQWHUVHFWLRQ SRLQWV� DQG RQH
FRQWDLQLQJ QR LQWHUVHFWLRQ SRLQW�
(YHQW �� 7KH OLQHV SURGXFH WZR FKRUGV HDFK SRVVHVVLQJ � LQWHUVHFWLRQ SRLQWV� DQG WKH RWKHU
WZR HDFK SRVVHVVLQJ � LQWHUVHFWLRQ SRLQW�
(YHQW �� 7KH OLQHV SURGXFH WKUHH FKRUGV HDFK SRVVHVVLQJ � LQWHUVHFWLRQ SRLQW� DQG RQH SRV�
VHVVLQJ � LQWHUVHFWLRQ SRLQWV�

:H GHQRWH E\ p(1)43 , p
(2)
43 , p

(3)
43 WKH SUREDELOLWLHV RI (YHQW �� (YHQW �� DQG (YHQW �� UHVSHF�

WLYHO\�
7KHRUHP ������

p43 = p(1)43 + p(2)43 + p(3)43 ,

ZKHUH

p(1)43 =
4

L4
(C1L− V1), p(2)43 =

12

L4
(Qs + 2R− U2),

p(3)43 =
3

L4
(C2 − 4D2 − U2) +

4

L4
(Qd + 2R) +

64

L4
I3.

7ZR LQWHUVHFWLRQ SRLQWV JHQHUDWHG E\ IRXU OLQHV DUH SRVVLEOH LQ WZR VFHQDULRV�
(YHQW �� 2QH FKRUG SRVVHVVHV � LQWHUVHFWLRQ SRLQWV� WZR RI WKH FKRUGV SRVVHVV � LQWHUVHFWLRQ
SRLQW HDFK� DQG RQH FKRUG GRHV QRW SRVVHVV DQ\ LQWHUVHFWLRQ SRLQW�
(YHQW �� (DFK FKRUG RI WKH IRXU OLQHV SRVVHVVHV H[DFWO\ � LQWHUVHFWLRQ SRLQW�
/HW WKH SUREDELOLWLHV RI WKH DERYH PHQWLRQHG HYHQWV EH p(1)42 DQG p(2)42 � UHVSHFWLYHO\�

7KHRUHP ������
p42 = p(1)42 + p(2)42 ,

ZKHUH
p(1)42 = 4p32 −

3

L4

(
C2 − 4D2 − U2 − 4(Qs + 2R)

)
,

��



p(2)42 =
12π2F 2

L4
+

48I3
L4

− 3

4L4

(
U2 − C2 + 12D2

)
− 1

4

(
p(1)44 + 2p(2)43

)
.

7KHRUHP ������
p41 = 2p31 − 2p(2)42 − 6U1

L3
+

6U2

L4
.

)LQDOO\� WKH SUREDELOLW\ RI KDYLQJ QR LQWHUVHFWLRQ SRLQWV LQVLGHD LV p40 = 1−
6∑

k=1

p4k�

,Q 6HFWLRQ ���� ZH H[SUHVVHG WKH LQYDULDQWV V1 DQG I3 E\ LQWHUVHFWLRQ SUREDELOLWLHV� 7KH
YDOXH RI I3 LV NQRZQ �E\ &URIWRQ� >�@� S� ��� WR EH HTXDO WR 3F 2 EXW ZH GLG QRW QHHG LW EHORZ�

7KHRUHP ������ 7KH IROORZLQJ LGHQWLWLHV KROG�

V1 = L4
(
p33 −

1

4
p(1)43

)
, I3 =

L4

32

(
4p33 + p(3)43 − p(1)43

)
.

7KH IRUPXODV REWDLQHG IRU LQWHUVHFWLRQ SUREDELOLWLHV PRWLYDWHG XV WR FRPSXWH LQYDULDQWV
RI D WKURXJK VLPXODWLRQV� )RU H[DPSOH� ZH XVHG 3\WKRQ � VRIWZDUH WR DSSUR[LPDWH WKH
YDOXHV RI I2, U1, I3, DQG V1 IRU WKH XQLW GLVN� 6LPXODWLRQV FRGH FDQ EH IRXQG KHUH� KWWS�
��UE�J\��ZHL�K�

([SUHVVLRQV RI DOO WKH QHZ LQYDULDQWV LQ WHUPV RI r IRU D GLVF RI UDGLXV r DUH HVWDEOLVKHG
LQ 6HFWLRQ ���� $V D UHVXOW� WKH IROORZLQJ WKHRUHP LV SURYHG�

7KHRUHP ������ ,I D LV D GLVF ZLWK UDGLXV r WKHQ

p46 =
1

4
− 17

8π2
, p45 =

29

8π2
− 1

4
,

p44 =
43

4π2
− 7

8
, p(1)44 =

23

2π2
− 1, p(2)44 =

1

8
− 3

4π2
,

p43 = 1− 29

4π2
, p(1)43 =

23

4π2
− 1

2
, p(2)43 = 1− 35

4π2
, p(3)43 =

1

2
− 17

4π2
,

p42 =
7

4
− 121

8π2
, p(1)42 =

3

2
− 13

π2
, p(2)42 =

1

4
− 17

8π2
,

p41 =
29

8π2
− 1

4
, p40 =

13

2π2
− 5

8
.

)RU D ERXQGHG ERG\ D ⊂ Rd� FRQVLGHU WKH (XFOLGHDQ GLVWDQFH EHWZHHQ WZR UDQGRP
SRLQWV FKRVHQ LQGHSHQGHQWO\ DQG XQLIRUPO\ IURP D� :H GHQRWH LW E\ Dd(D)�

��



$ORQJ ZLWK Dd(D)� OHW XV FRQVLGHU WKH FRYDULRJUDP RI D� GHQRWHG E\ CD(t)� ZKHUH
t ∈ Rd� :KHQ D LV D ERXQGHG FRQYH[ ERG\ ZLWK D QRQ�HPSW\ LQWHULRU LQ Rd� WKHQ WKH WZR
FRQVLGHUHG FKDUDFWHULVWLFV RI D DUH LQWHUUHODWHG DV IROORZV�

fDd(D)(h) =
hd−1

L2
d(D)

∫

Sd−1

CD(hu)du, h > 0, ���

ZKHUH Sd−1 LV WKH (d− 1)�GLPHQVLRQDO XQLW VSKHUH LQ Rd� FHQWHUHG DW WKH RULJLQ� DQG Ld(D)
LV /HEHVJXH d�PHDVXUH RI D�

,Q WKH WKLUG FKDSWHU RI WKH WKHVLV� ZH H[WHQGHG WKH FRQFHSWV RI FRYDULRJUDP CD DQG LQ�
WHUSRLQW GLVWDQFHDd(D) IURP ERXQGHG FRQYH[ ERGLHV WR WKH HQWLUH VSDFHRd DQG HVWDEOLVKHG
D UHODWLRQ EHWZHHQ WKHP�

7KH ILUVW SUREOHP WKDW DULVHV LQ RXU ZD\ LV WKH QDWXUH RI UDQGRPQHVV RI FKRRVLQJ D SRLQW
IURP D = Rd� 7KH XQLIRUP GLVWULEXWLRQ LV QR ORQJHU DSSOLFDEOH WR WKLV FDVH DQG WKHUHIRUH
ZH QDWXUDOO\ UHSODFH LW ZLWK D PXOWLYDULDWH QRUPDO GLVWULEXWLRQ�

7KH VHFRQG REVWDFOH OLHV LQ WKH FKDOOHQJH RI DSSO\LQJ WKH ODQJXDJH DQG VHQVH RI JHRP�
HWU\ WR GHILQH WKH FRYDULRJUDP RI Rd� :H ZLOO GHILQH LW DQDO\WLFDOO\ EDVHG RQ WKH IROORZLQJ
REVHUYDWLRQ� ,ID LV D FRQYH[ ERG\ DQGP1�P2 DUH FKRVHQ XQLIRUPO\ DQG LQGHSHQGHQWO\ IURP
D� WKHQ LW LV HDV\ WR FKHFN �VHH� IRU H[DPSOH� >��@� WKDW

fP1−P2(t) =
CD(t)
L2
d(D)

,

ZKLFK FDQ EH HTXLYDOHQWO\ ZULWWHQ DV

fP1−P2(t) =
CD(t)
C2

D(0)
. ���

7KXV� WKH FRYDULRJUDP VKRXOG EH D SRVLWLYH IXQFWLRQ GHILQHG RQ WKH HQWLUH VSDFH WKDW VDWLVILHV
����

,I ; LV D d�YDULDWH QRUPDO UDQGRP YHFWRU KDYLQJ PHDQ µ DQG FRYDULDQFH PDWUL[ Σ WKHQ
ZH ZLOO GHQRWH WKLV FRQGLWLRQ E\ X ∼ Nd(µ,Σ). :H GHQRWH λ = [λ1,λ2, ...,λd]T � ZKHUH
λ1 ≥ λ2 ≥ ... ≥ λd > 0 DUH WKH HLJHQYDOXHV RIΣ� :H DVVXPH µ = 0 DQG WKH GLDJRQDO RIΣ
FRQVLVWLQJ RI �V� ,I X1, X2 ∼ Nd(0,Σ) DUH LQGHSHQGHQW� ZH GHQRWH Dd = ‖X1 −X2‖,
ZKHUH ‖ · ‖ LV WKH (XFOLGHDQ QRUP LQ Rd�

$IWHU SUHOLPLQDULHV� LQ 6HFWLRQ ���� ZH LQGHSHQGHQWO\ DGGUHVVHG WKH VFHQDULR RI XQFRUUH�
ODWHG FRRUGLQDWHV DQG GHGXFHG WKH GHQVLW\ IXQFWLRQ DQG PRPHQWV RI WKH LQWHUSRLQW GLVWDQFH�
GUDZLQJ XSRQ D UHVXOW REWDLQHG LQ >��@� S� ��� :H HDVLO\ HVWDEOLVKHG WKDW LI Σ = Id WKHQ
Dd ∼ GG(2, d, 2)� ZKHUH Id LV WKH LGHQWLW\ d × d PDWUL[� DQG GG(a, d, p) LV WKH JHQHUDO�
L]HG *DPPD GLVWULEXWLRQ� 6LQFH WKH PRPHQWV RI WKH JHQHUDOL]HG *DPPD GLVWULEXWLRQ ZHUH

��



NQRZQ� DV D FRUROODU\� IRU PRPHQWV RI Dd� ZH LPPHGLDWHO\ FRQFOXGHG WKDW LIΣ = Id� WKHQ

E (Dr
d) = 2r

Γ
(
d+r
2

)

Γ
(
d
2

) , r = 0, 1, 2, ... .

,Q JHQHUDO� ZKHQ Σ ,= Id� HYHQ ZKHQ d = 2� WKLV PHWKRG EHFRPHV LPSUDFWLFDO EHFDXVH
RI WKH GHPDQGLQJ FRPSXWDWLRQV DVVRFLDWHG ZLWK FRPSOLFDWHG UHFXUVLYH IRUPXODV� ,Q 6HFWLRQ
���� ZH HVWDEOLVKHG QHZ UHVXOWV� LQFOXGLQJ LQWHJUDO UHSUHVHQWDWLRQV IRU WKH GLVWULEXWLRQ DQG
GHQVLW\ IXQFWLRQV RI WKH (XFOLGHDQ GLVWDQFH EHWZHHQ WZR d�GLPHQVLRQDO *DXVVLDQ SRLQWV�
FKDUDFWHUL]HG E\ FRUUHODWHG FRRUGLQDWHV WKURXJK D FRYDULDQFH PDWUL[�

7KHRUHP ������ /HW FDd(Σ, ·) EH WKH GLVWULEXWLRQ IXQFWLRQ RI Dd DQG Ed(λ, R) EH WKH
HOOLSVRLG

{y = [y1, y2, ..., yd]
T : λ1y

2
1 + λ2y

2
2 + ...+ λdy

2
d ≤ R2}.

7KHQ
FDd(Σ, R) =

1

(2
√
π)d

∫

Ed(λ,R)
H[S

(
−1

4
yTy

)
dy, R > 0.

&RUROODU\ ������ 7KH SUREDELOLW\ GHQVLW\ IXQFWLRQ RI Dd LV UHSUHVHQWDEOH DV IROORZV�

fDd(Σ, R) =
Rd−1

(2
√
π)d|Σ|1/2

∫

Sd−1

H[S
(
− R2

4
uTΣ−1u

)
du.

$V DQ DSSOLFDWLRQ RI WKH REWDLQHG LQWHJUDO UHSUHVHQWDWLRQV� LQ 6HFWLRQ ���� ZH GHWHUPLQHG
WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ RI WKH (XFOLGHDQ GLVWDQFH EHWZHHQ WZR ELYDULDWH *DXVVLDQ
SRLQWV LQ WKH FDVH ZKHQ WKHUH LV DQ LQWHU�FRRUGLQDWH FRUUHODWLRQ ρ�

7KHRUHP ������ ,I Σ =

[
1 ρ
ρ 1

]
, WKHQ

fD2(Σ, R) =
Re−

R2

4|Σ|

2
√
|Σ|

I0

(
ρR2

4|Σ|

)
,

ZKHUH

I0(x) = 1 +
∞∑

k=1

x2k

((2k)!!)2

LV WKH PRGLILHG %HVVHO IXQFWLRQ RI WKH ILUVW NLQG RI RUGHU ]HUR�
$V DQRWKHU DSSOLFDWLRQ� ZH HVWDEOLVKHG ORZHU DQG XSSHU ERXQGV IRU WKH PRPHQWV RI Dd

LQ WHUPV RI WKH ODUJHVW DQG WKH VPDOOHVW HLJHQYDOXHV RI WKH FRYDULDQFH PDWUL[�
7KHRUHP ������ /HW E (Dr

d) EH WKH r�WK PRPHQW RI Dd� 7KHQ

2rΓ
(
d+r
2

)

Γ
(
d
2

) λ
d+r
2

d

|Σ|1/2
≤ E (Dr

d) ≤
2rΓ

(
d+r
2

)

Γ
(
d
2

) λ
d+r
2

1

|Σ|1/2
, r = 0, 1, 2, ... .
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)LQDOO\� LQ 6HFWLRQ ���� ZH GHILQHG WKH QRUPDO FRYDULRJUDP RI Rd DQG HVWDEOLVKHG DQ DQDOR�
JRXV UHODWLRQVKLS WR ����

'HILQLWLRQ ������ /HWP1, P2 ∼ Nd(0, Σ) EH LQGHSHQGHQW DQG fP1−P2 EH WKH SUREDELOLW\
GHQVLW\ IXQFWLRQ RI P1 − P2� 7KH IXQFWLRQ CΣ : Rd → (0, +∞) WKDW VDWLVILHV WR

fP1−P2(t) =
CΣ(t)

C2
Σ(0)

,

ZLOO EH FDOOHG WKH QRUPDO FRYDULRJUDP RI Rd DVVRFLDWHG ZLWK Σ�
7DNLQJ LQWR DFFRXQW ���� WKH IROORZLQJ WKHRUHP DUJXHV WKDW WKH QRUPDO FRYDULRJUDP QDW�

XUDOO\ H[WHQGV WKH FRQFHSW RI FRYDULRJUDP�
7KHRUHP ������ /HW Σ EH WKH FRYDULDQFH PDWUL[ RI D QRQ�VLQJXODU d�YDULDWH QRUPDO

GLVWULEXWLRQ DQG CΣ EH WKH QRUPDO FRYDULRJUDP RI Rd DVVRFLDWHG ZLWK Σ� 7KHQ

CΣ(t) = (2
√
π)d|Σ|1/2 H[S

(
− 1

4
tTΣ−1t

)
, t ∈ Rd

DQG
fDd(Σ, R) =

Rd−1

C2
Σ(0)

∫

Sd−1

CΣ(Ru)du, R > 0.

5HPDUN ������ ,W LV UHPDUNDEOH WKDW CId(t) = (2
√
π)d H[S

(
− 1

4‖t‖
2
d

)
� 7KLV LOOXV�

WUDWHV WKDW LI Rd LV FRQVLGHUHG DV D VSDFH RI SRLQWV ZLWK XQFRUUHODWHG FRRUGLQDWHV WKHQ WKH
FRYDULRJUDP RI WKH VSDFH LV QDWXUDOO\ LQGHSHQGHQW RQ WKH GLUHFWLRQ RI WUDQVODWLRQ�

6XPPDU\

7KH PDLQ UHVXOWV REWDLQHG LQ WKH WKHVLV DUH SUHVHQWHG LQ WKUHH FKDSWHUV�

� )RU DQ\ FRQYH[ TXDGULODWHUDO� WKH QRWLRQV RI ILUVW DQG VHFRQG�RUGHU ϕ�GLDPHWHUV�
DORQJ ZLWK WKUHH VXSSOHPHQWDU\ PHDVXUHV� DUH LQWURGXFHG DQG HYDOXDWHG IRU HDFK
GLUHFWLRQ ϕ� ,Q WHUPV RI WKHVH ILYH FKDUDFWHULVWLFV� H[SOLFLW UHSUHVHQWDWLRQV RI WKH
RULHQWDWLRQ�GHSHQGHQW FKRUG OHQJWK GLVWULEXWLRQ �2'&/'� IXQFWLRQ DQG WKH FRYDUL�
RJUDP DUH HVWDEOLVKHG IRU DQ\ FRQYH[ TXDGULODWHUDO DQG DQ\ ULJKW SULVP EDVHG RQ LW�
&RQWLQXLW\ FULWHULD IRU WKH 2'&/' IXQFWLRQV DUH HVWDEOLVKHG SHU GLUHFWLRQ�

� %DVHG RQ 5� $PEDUW]XPLDQ¶V FRPELQDWRULDO DOJRULWKP� D QHZ DSSURDFK LV VXJJHVWHG
IRU ILQGLQJ WKH SUREDELOLWLHV pnk RI n UDQGRP OLQHV SURGXFLQJ k LQWHUVHFWLRQ SRLQWV
LQVLGH D JLYHQ FRQYH[ SODQDU GRPDLQ D� $ IDPLO\ RI JHRPHWULF FKDUDFWHULVWLFV RI D�
LQYDULDQW XQGHU (XFOLGHDQ PRWLRQV� LV IRXQG VXFK WKDW WKH SUREDELOLWLHV p4k DUH H[�
SUHVVHG LQ WHUPV RI WKRVH LQYDULDQWV� :KHQD LV D GLVF ZLWK D UDGLXV RI r� WKH VLPSOHVW
IRUPV RI WKH LQYDULDQWV DUH GHULYHG� DQG WKH H[DFW QXPHULFDO YDOXHV RI p4k DUH FRP�
SXWHG�

��



� ,QWHJUDO UHSUHVHQWDWLRQV IRU WKH GLVWULEXWLRQ DQG SUREDELOLW\ GHQVLW\ IXQFWLRQV RI WKH
(XFOLGHDQ GLVWDQFH EHWZHHQ WZR LQGHSHQGHQW d�GLPHQVLRQDO *DXVVLDQ SRLQWV ZLWK FRU�
UHODWHG FRRUGLQDWHV JRYHUQHG E\ D FRYDULDQFH PDWUL[ DUH REWDLQHG� ,Q DGGLWLRQ WR
RWKHU DSSOLFDWLRQV� WKH FRQFHSW RI D FRYDULRJUDP LV H[WHQGHG WR WKH HQWLUH VSDFH Rd

VXFK WKDW WKH FRUUHVSRQGHQFH EHWZHHQ WKH FRYDULRJUDP DQG LQWHUSRLQW GLVWDQFH� RE�
VHUYHG LQ ERXQGHG FRQYH[ ERGLHV� LV PDLQWDLQHG�
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ҺӺԉӾԉӾԈӺ

ҺԅӫӼӧӳӾԃӾԈӯӻӾԈӼӮ ӼԄӱԆԄӧӴ ӭ Rn�ӾԈӺ ӾԈԂӾԈԇӱӵ ӺӧԆӺӱӼӼӫԆӱ ӫԆӵԆӧӿӧԉӧӵӧӼ ԍ Ӷӧ�
ԄӧӼӧӵӧӼӧӻӱӼ ӨӼӾԈӯӧөԆӱӿӼӫԆӱ ӵӧԀӫԆӱ ӾԈԃӾԈӺӼӧԃӱԆӾԈӯӻӧӼӮӤԅԄӻӧӲ ӺӧԆӺӼӱӼӧԂӼӿԄӾӸ
ԅӧԆӨӫԆ ԀӧԅӧӶӧӵӧӼ ӺӫӴӾԈӯӻӾԈӼӼӫԆӱ ӼӫԆөԆӧԄӺӧӺӨԎ ӖԅӧԇԄӫӲ ӫӼ ӶӫԅԍӻӧӲ ӶӱӺӼӧ�
ӵӧӼ ӧԆӪӻӾԈӼԊӼӫԆӮ�

� ӈӧӺӧӻӧӵӧӼ ӾԈԂӾԈԇӱӵ ԊӧԂӧӼӵӻӧӼ ӶӧӺӧԆ ӼӫԆӺӾԈӴԄӫӲ ӫӼӧԂӧԁӱӼԍ ӫԆӵԆӾԆӪ
ӵӧԆөӱ ϕ � ԅԆӧӺӧөӴӫԆӱ ԍ ӫԆӫԊ ӲԆӧԇӾԈԇӱӿ ӿӧԉӾԈӺӼӫԆӱ өӧӸӧԉӧԆӼӫԆӮ�
ӾԆӾӼԊ ӶӧӽԄԄӫӲ ӫӼ ӻӾԈԆӧԊӧӼӿӻӾԈԆ ϕ ӾԈӸӸӾԈӯӻӧӼ ӶӧӺӧԆԎ ӄӼӿԀӫԃ ӾԈԂӾԈԇӱӵ
ԊӧԂӧӼӵӻӧӼ� ӧӻӼԀӫԃ ӭӲ ӧӻӪ ӶӱӺԊӼ ӾԈӼӫԇӾӸ ӾԈӸӱӸ ԀԆӱӬӺӧӼӫԆӱ ӶӧӺӧԆ�
ԃԅӧԇԄӫӲ ӫӼ ӾԈӸӸӾԈӯӻӾԈӼӱԇ ӵӧӳԄӧӴ ӲӧԆӱ ӫԆӵӧԆӾԈӯӻӧӼ ӨӧӽӳӺӧӼ �2'&/'�
ԌӾԈӼӵԇӱӧӻӱ ԍ ӵӾԄӧԆӱӾөԆӧӺӱ ӨӧԇӧӶӧӻԅ ӼӫԆӵӧӻӧԇӾԈӺӼӫԆӤ ӧԆԅӧӶӧӻԅԄӧӴ
ӼӽԄӧӴ ӶӱӼө ӨӼӾԈӯӧөԆӱӿӼӫԆӾԄԎ ӘԆԄӧӴ ӾԈӸӸӾԈӯӻӧӼ ӶӧӺӧԆ ԃԅӧԇԄӫӲ ӫӼ
2'&/' ԌӾԈӼӵԇӱӧӼӫԆӱ ӧӼӮӼӪӶӧԅӾԈӯӻӧӼ ӶӧӻԅӧӼӱӽӼӫԆԎ

� ӕ� ӉӧӺӨӧԆӷӾԈӺӻӧӼӱ ӵӾӺӨӱӼӧԅӾԆ ӧӲөӾԆӱӯӺӱ ӵӱԆӧԂӺӧӺӨ ӧԂӧԁӧԆӵԄӫӲ
ӭ ӼӾԆ ӺӾԅӫԇӾԈӺӤ ӶӧӽԄӫӲӾԈ D ӶӧԆӯ ӾԈԂӾԈԇӱӵ ԅӱԆӾԈӻӯӱ ӼӫԆԃӾԈӺ n Ԁӧԅӧ�
ӶӧӵӧӼ ӾԈӸӱӸӼӫԆӱӤ k ӶӧԅӺӧӼ ӵӫԅӫԆӧԂӧԁӧԇӼӫӲӾԈ ӶӧԄӧӼӧӵӧӼӾԈӯӻӾԈӼӮԎ
ҼԅӼԄӫӲ ӭ D�ӱӤ ӭԄӵӲӱӪӻӧӼ ӽӧԆӰӾԈӺӼӫԆӱ ӼӵӧԅӺӧӺӨ ӱӼԄӧԆӱӧӼԅ ӫԆӵԆӧ�
ӿӧԉӧӵӧӼ ӨӼӾԈӯӧөԆӱӿӼӫԆӱ Ӻӱ ӮӼԅӧӼӱԊ� ӧӻӼԀӱԃӱӼ� ӾԆ p4k ӶӧԄӧӼӧӵӧ�
ӼӾԈӯӻӾԈӼӼӫԆӼ ӧԆԅӧӶӧӻԅԄӫӼ ӧӻӪ ӱӼԄӧԆӱӧӼԅӼӫԆӾԄԎ ҺӻӼ ӪӫԀԊӾԈӺ� ӫԆӨ
D�Ӽ r ӽӧԂӧԄӸӾԄ ӽԆԁӧӼ ӭ� ӼӽԄӧӴ ӱӼԄӧԆӱӧӼԅӼӫԆӱ ԀӧԆӬӧөӾԈӻӼ ӧԆԅӧ�
ӶӧӻԅӾԈӯӻӾԈӼӼӫԆӮԍ p4k ӶӧԄӧӼӧӵӧӼӾԈӯӻӾԈӼӼӫԆӱ ӹӽөԆӱԅӯԄӧӻӱӼӧԆӰӫԊӼӫԆӮ
өԅӼԄӫӲ ӫӼԎ

� d�ӿӧԉӧӼӱ өӧӾԈԃӻӧӼ ӫԆӵӾԈ ӧӼӵӧӳ ӵӫԅӫԆӱ Ӻӱԁԍ ӫӸӧӴ ӭԄӵӲӱӪӻӧӼ ӶӫԂӧ�
ԄӾԆӾԈӯӻӧӼ ӨӧӽӳӺӧӼ ԍ ӶӧԄӧӼӧӵӧӼӧӻӱӼ ӳԅӾԈӯӻӧӼ ԌӾԈӼӵԇӱӧӼӫԆӱ Ӷӧ�
ӺӧԆ ԃԅӧԇԄӫӲ ӫӼ ӱӼԅӫөԆӧӲӧӻӱӼ ӼӫԆӵӧӻӧԇӾԈӺӼӫԆ� ӾԆԅӫӸ ӶӧӽԄӱ ӭӧԂӼԄӫӲ
ԀӧԅӧӶӧӵӧӼ ӵӫԅӱ ӵӾӾԆӪӱӼӧԅӼӫԆӱ Ӻӱԁԍ өӾԆӴӾӸ ӶӼӧԆӧԄӾԆ ӵӾԆӫӲӻӧ�
ԇӱӧӼӤԅԆԄӧӴ ӵӾԄӧԆӱӧԇӱӾӼ ӺӧԅԆӱԇӾԄԎ ҺӻӲ ӵӱԆӧԂӾԈӯӻӾԈӼӼӫԆӱ ӶӫԅӺӫӵԅӫӸ�
ӵӾԄӧԆӱӾөԆӧӺӱ өӧӸӧԉӧԆӼ ӮӼӪӲӧӻӼԄӫӲ ӭ ӧӻӼԀӫԃ� ӾԆ D ԃӧӶӺӧӼӧԉӧӵ
ӾԈԂӾԈԇӱӵ ӺӧԆӺӼӱ ӵӾԄӧԆӱӾөԆӧӺӱ ԍ ӺӱԁӵӫԅӧӻӱӼ ӶӫԂӧԄӾԆӾԈӯӻӧӼ Ӻӱԁԍ
өӾԆӴӾӸ ӵӧԀӮ ԀӧӶԀӧӼԄӱ Ӽӧԍ D = Rd ӪӫԀԊӾԈӺԎ
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Ɋɟɡɸɦɟ

Ⱦɢɫɫɟɪɬɚɰɢɹ ɩɨɫɜɹɳɟɧɚ ɢɡɭɱɟɧɢɸ ɫɜɹɡɟɣ ɦɟɠɞɭ ɝɟɨɦɟɬɪɢɱɟɫɤɢɦɢ ɢ ɜɟɪɨɹɬɧɨɫɬ�
ɧɵɦɢ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦɢ ɜɵɩɭɤɥɵɯ ɬɟɥ ɫ ɩɪɢɜɥɟɱɟɧɢɟɦ ɪɚɡɥɢɱɧɵɯ ɫɥɭɱɚɣɧɵɯ ɜɟɥɢ�
ɱɢɧ� ɤɚɫɚɸɳɢɯɫɹ ɞɚɧɧɨɝɨ ɬɟɥɚ� ɉɨɥɭɱɟɧɵ ɫɥɟɞɭɸɳɢɟ ɨɫɧɨɜɧɵɟ ɪɟɡɭɥɶɬɚɬɵ�

� Ⱦɥɹ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɜɵɩɭɤɥɨɝɨ ɱɟɬɵɪɟɯɭɝɨɥɶɧɢɤɚ ɜɜɟɞɟɧɵ ɩɨɧɹɬɢɹ ϕ�ɞɢɚɦɟɬɪɨɜ
ɩɟɪɜɨɝɨ ɢ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɨɜ� ɚ ɬɚɤɠɟ ɬɪɢ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɢɡɦɟɪɟɧɢɹ� ɤɨɬɨɪɵɟ
ɜɵɱɢɫɥɟɧɵ ɞɥɹ ɥɸɛɨɝɨ ɧɚɩɪɚɜɥɟɧɢɹ ϕ� ȼ ɬɟɪɦɢɧɚɯ ɷɬɢɯ ɩɹɬɢ ɯɚɪɚɤɬɟɪɢɫɬɢɤ�
ɭɫɬɚɧɨɜɥɟɧɵ ɹɜɧɵɟ ɩɪɟɞɫɬɚɜɥɟɧɢɹ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɞɥɢɧɵ ɯɨɪɞɵ ɡɚɜɢ�
ɫɹɳɟɣ ɨɬ ɨɪɢɟɧɬɚɰɢɢ �2'&/'� ɢ ɤɨɜɚɪɢɨɝɪɚɦɦɵ ɞɥɹ ɜɵɩɭɤɥɨɝɨ ɱɟɬɵɪHɯɭɝɨɥɶ�
ɧɢɤɚ ɢ ɩɪɹɦɨɣ ɜɵɩɭɤɥɨɣ ɩɪɢɡɦɵ ɫ ɱɟɬɵɪHɯɭɝɨɥɶɧɵɦ ɨɫɧɨɜɚɧɢɟɦ� ɍɫɬɚɧɨɜɥɟɧɵ
ɤɪɢɬɟɪɢɢ ɧɟɩɪɟɪɵɜɧɨɫɬɢ ɞɥɹ ɮɭɧɤɰɢɣ 2'&/' ɩɪɢ ɡɚɞɚɧɧɨɦ ɧɚɩɪɚɜɥɟɧɢɢ�

� ɉɭɬɟɦ ɩɪɢɦɟɧɟɧɢɹ ɤɨɦɛɢɧɚɬɨɪɧɨɝɨ ɚɥɝɨɪɢɬɦɚ Ɋ� Ⱥɦɛɚɪɰɭɦɹɧɚ ɩɪɟɞɥɨɠɟɧ ɧɨ�
ɜɵɣ ɩɨɞɯɨɞ ɤ ɧɚɯɨɠɞɟɧɢɸ ɱɢɫɟɥ pnk� ɩɪɟɞɫɬɚɜɥɹɸɳɢɯ ɜɟɪɨɹɬɧɨɫɬɶ� ɱɬɨ n ɫɥɭ�
ɱɚɣɧɵ[ ɩɪɹɦɵ[ ɨɛɪɚɡɭɸɬ ɪɨɜɧɨ k ɬɨɱɟɤ ɩɟɪɟɫɟɱɟɧɢɹ ɜɧɭɬɪɢ ɡɚɞɚɧɧɨɣ ɜɵɩɭɤɥɨɣ
ɩɥɨɫɤɨɣ ɨɛɥɚɫɬɢ D� Ɉɛɧɚɪɭɠɟɧɨ ɫɟɦɟɣɫɬɜɨ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ D�
ɢɧɜɚɪɢɚɧɬɧɵɯ ɨɬɧɨɫɢɬɟɥɶɧɨ ɟɜɤɥɢɞɨɜɵɯ ɞɜɢɠɟɧɢɣ� ɬɚɤɢɯ� ɱɬɨ ɜɟɪɨɹɬɧɨɫɬɢ p4k
ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɷɬɢ ɢɧɜɚɪɢɚɧɬɵ� ȼ ɫɥɭɱɚɟ� ɤɨɝɞɚ D ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɞɢɫɤ
ɪɚɞɢɭɫD r� ɧɚɣɞɟɧɵ ɩɪɨɫɬɟɣɲɢɟ ɜɵɪɚɠɟɧɢɹ ɞɥɹ ɭɩɨɦɹɧɭɬɵɯ ɢɧɜɚɪɢɚɧɬɨɜ ɢ ɬɨɱ�
ɧɵɟ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ ɜɟɪɨɹɬɧɨɫɬɟɣ p4k�

� ɉɨɥɭɱɟɧɵ ɢɧɬɟɝɪɚɥɶɧɵɟ ɩɪɟɞɫɬɚɜɥɟɧɢɹ ɞɥɹ ɮɭɧɤɰɢɣ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɢ ɩɥɨɬɧɨ�
ɫɬɢ ɜɟɪɨɹɬɧɨɫɬɢ ɟɜɤɥɢɞɨɜɨɝɨ ɪɚɫɫɬɨɹɧɢɹɦɟɠɞɭ ɞɜɭɦɹ ɧɟɡɚɜɢɫɢɦɵɦɢ d�ɦɟɪɧɵɦɢ
ɝɚɭɫɫɨɜɫɤɢɦɢ ɬɨɱɤɚɦɢ ɫ ɜɨɡɦɨɠɧɨɣ ɤɨɪɪɟɥɹɰɢɟɣ ɤɨɨɪɞɢɧɚɬ� ɨɩɪɟɞɟɥɟɧɧɨɣ ɤɨɜɚ�
ɪɢɚɰɢɨɧɧɨɣ ɦɚɬɪɢɰɟɣ� ɉɨɦɢɦɨ ɞɪɭɝɢɯ ɩɪɢɥɨɠɟɧɢɣ� ɤɨɧɰɟɩɰɢɹ ɤɨɜɚɪɢɨɝɪɚɦɦɵ
ɪɚɫɲɢɪɟɧɚ ɬɚɤɢɦ ɨɛɪɚɡɨɦ� ɱɬɨɛɵ ɫɜɹɡɶ� ɞɟɣɫɬɜɭɸɳɚɹ ɦɟɠɞɭ ɤɨɜɚɪɢɨɝɪɚɦɦɨɣ ɢ
ɦɟɠɬɨɱɟɱɧɵɦ ɪɚɫɫɬɨɹɧɢɟɦ ɨɝɪɚɧɢɱɟɧɧɨɝɨ ɜɵɩɭɤɥɨɝɨ ɬɟɥɚ D� ɫɨɯɪɚɧɹɥɚɫɶ ɩɪɢ
D = Rd�
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