GNedULh MESU4UL <UUULUUNUL

Uwuntyjwu Ugbwnhp <wyyh

Lwuwnty Yunnigywdph dwuinphgubiph Unip-Mbupnnigh
hwywnwp&dwu dbennubiph dawynwd

usuushr

U.01.07 «Lwynnuywt dwebdwnpyuw»
dwutwghwnnipjwdp $hghlwdwebdwnhlulwu ghwnnteginiuutiph
ptYuwdNLh ghrnwywu wunhbwuh hwjgdwu wnbUwfununtejwu

bpluwt - 2026

YEREVAN STATE UNIVERSITY

Avetik Hayk Manukyan

Development of the Moore-Penrose inversion methods
for matrices of special structure

SYNOPSIS

of the dissertation for the degree of candidate of
physical and mathematical sciences in the specialty
A.01.07 «Computational Mathematics»

Yerevan - 2026



Uwnbuwfununypjwu pidwu hwuwmwwnyb| £ Gplwuh ybnwlwu hwdwuwpwuntd:

Shunwywu $hg.-dwpe. ghn. nnwinp Sni. M. <wynpjwu
nblwdwn’
Mwownnuwlwu $hqg.-dwpe. ghwn. nnwinp 3ni. U. Unduhujwt
punnhdwfunuubp'
$hg.-dwpe. ghwn. pbluwdnt U. §. Uwuntyjwu
Unwowwnwp Lwjwuwnwuh wqquwjht ynhnbuuhywlwu hwdwjuwpwu (UML)
Ywgdwybpwnipnid'

Muwownwwuniggniup Yuywuwint £ 2026p. hniuhup 17-hu, d. 15°°-hu 6M<-nwd gnpdnn
<L PYJY-h 050 Jwuuwghwnwlwu funphpnh punnd hbnlyw) hwugbing' 0025, Gpluw,
Uj. Uwuntlyjwu 1:

Uwnbuwfununypjwup Yunbih § dwunpwuw] 6M<L-h gpunwpwuncd:
Utindwghptu wnwpywsd £ 2026e. dwjhup 14-hu:

UwutwghwnwYwu funphpnp
ghinwlwu pwpwunniqun, —
$hg.-dwp.ghwn. nnywnnp’ : < Y.L. UyGuinhujw

Dissertation topic was approved at the Yerevan State University.

Scientific supervisor: Doctor of Physico-Mathematical Sciences Yu. R. Hakopian
Official opponents: Doctor of Physico-Mathematical Sciences Yu. M. Movsisyan

Candidate of Physico-Mathematical Sciences A. G. Manukyan
Leading organization: National Polytechnic University of Armenia

Defense of the thesis will be held at the meeting of the specialized council 050 of HESC
(Higher Education and Science Committee) of the Republic of Armenia at Yerevan State
University on June 17, 2026 at 15°° (0025, Yerevan, A. Manoogian str. 1).

You can get acquainted with the thesis in the library of Yerevan State University.

Synopsis was sent on May 14, 2026

Scientific secretary of specialized council,

o
Doctor of Physico-Mathematical Sciences : ﬁ/\ K. L. Avetisyan



GENERAL DESCRIPTION OF THE THESIS

Many problems of modern science are reduced to solving systems of high-order linear alge-
braic equations, which often turn out to be inconsistent. These are problems that arise in the
least squares method, mathematical statistics, linear programming and etc. In such cases, the
system can be "solved” by choosing some compromise - the equations of the system may not
be satisfied completely, but only to a certain extent. The most effective approach to such a
“solution” of inconsistent systems is pseudoinversion (or generalized inversion) of the system
matrix. Let us briefly introduce this concept.
Consider a system of linear algebraic equations

Ax =10 (1)

with matrix A € C™*". This system does not always has a solution in the classical sense. It
is obvious that system (1) is consistent if and only if b € imA, where imA is the image of the
matrix A, defined as follows:

imA={yeC™”:32eC" y= Ax}.
Let us set the following problem: find z € C*, for which

|AZ — b|| = min ||Az — b]]. )
zeCn

This problem is called the least squares problem for system (1). It has been established that
the solution of problem (2) is reduced to the solution of the so-called normal system '

A" Az = A™b, (3)

where A* is the conjugate transpose of the matrix A. Under the additional condition = € imA*,
the normal system (3) has a unique solution, which is called the normal pseudosolution of sys-
tem (1). Thus, for each vector b € C™, by setting in correspondence the normal pseudosolution
of the system (1), we establish the mapping

C"sb—azeC"
By this very fact, the matrix A™ € C"*™ that implements the specified mapping is defined:
x=A"b. (4)

The matrix A™ is called the pseudoinverse of the matrix A.

The concept of generalized inversion (or pseudoinversion) was first mentioned in 1903,
in the work of the Swedish mathematician E.Fredholm®, where he investigated generalized
inversions of integral operators. In 1912, the American mathematician W.Hurwitz* gave an
algebraic formulation of the pseudoinversion of Fredholm integral operators. The concept of a
pseudoinverse matrix was introduced in 1920 by the American mathematician E.Moore® in his

'D. Kincaid, W. Cheney, Numerical analysis, Brooks/Cole, Pacific Grove, CA , 1991.

*C. Lawson, R. Hanson, Solving Linear Squares Problems, Prentice-Hall, New York, 1974.

3E. Fredholm, Sur une class d’equations fonctionnelles, ActaMath. 27, 1903, pp. 365-390

*W. Hurwitz, On the pseudo-resolvent to the kernel of an integral equation, Trans. Amer. Math. Soc., 13, 1912, pp.
405-418

°E. Moore, On the reciprocal of the general algebraic matrix, Bull. Amer. Math. Soc., 26, 1920, pp. 394-395



article, where pseudoinverses of differential and integral operators were studied. However, in
subsequent years there was no continuation of work in this direction. Interest in pseudoinverse
matrices, after a break of almost thirty years, reawakened in the 1950s, in connection with
the intensification of research on the least squares method. Here it is worth mentioning the
works of Swedish mathematician A.Bjerhammar®’, in which the author "rediscovered” the
Moore inversion and also pointed out the connection between pseudoinversion and solution of
systems of linear algebraic equations. Finally, in 1955, the English mathematician R.Penrose
generalized Bjerhammar’s results and proved that for any matrix A, the Moore inverse matrix
A is uniquely determined by the following four conditions:

AATA=A, ATAAT =AT, (ATA) =ATA, (AAT)" = AAT. (5)

The relations (5) are called Penrose conditions. This result turned out to be so significant and
important that it served as an impetus for the intensive development of the theory known as the
Moore-Penrose inversion. Currently, the Moore-Penrose inversion is one of the most relevant
areas of both matrix theory and computational mathematics (see fundamental monographs -°).

The thesis is devoted to the development and theoretical justification of Moore-Penrose
inversion methods for matrices of special structure - bidiagonal, tridiagonal skew-symmetric
and skew-Hermitian matrices. The main focus of the study is on the analytical inversion of
specified matrices and the construction, on this basis, the numerical algorithms of optimal
order of computational complexity.

Actuality of the Subject. The Moore-Penrose inverse is the most popular type of matrix
generalized inverses, or pseudoinverses, which has many applications both in matrix theory
and numerical linear algebra. A common use of the Moore-Penrose inverse is to compute the
least squares solution to the systems of linear algebraic equations. The pseudoinverse matrices
allows us to obtain generalizations of classical solutions for many problems, to understand the
meaning of frequently occurring incorrect solutions, and to find ways to their regularization.
Today, there are various methods and algorithms for Moore-Penrose inversion: using the skele-
ton matrix decomposition, methods based on the Q R-decomposition of the matrix, Greville’s
method and others®®. Moreover, the most efficient method for computing the Moore-Penrose
inverse is based on the singular value decomposition (abbreviated SVD) of the matrix®°. Note
that all the above mentioned methods are oriented towards matrices of general structure. At
the same time, there is a need to develop pseudoinversion algorithms for matrices of special
structure - sparse matrices, band matrices, etc. In other words, for matrices with a large num-
ber of zeros at pre-specified locations. Such matrices are often encountered in applications.
Using information about the location of zeros in the matrix at predetermined positions will
allow to develop efficient algorithms with significantly lower computational costs.

The Aim of the Thesis. The main objective of the work is to develop methods for Moore-
Penrose inversion of bidiagonal, tridiagonal skew-symmetric and skew-Hermitian matrices. It
is well known that the Moore-Penrose inverse of a matrix can be found via SVD of this matrix.
In this regard, there exist the most effective algorithm that consists of two stages. At the first

°A. Bjerhammar, Application of calculus of matrices to method of least squares with special reference to geodetic
calculations, Trans. Roy. Inst. Tech., 49, 1951, pp. 1-89

’A. Bjerhammar, Rectangular reciprocal matrices with special reference to geodetic calculations, Bull. Geodesique,
1951, pp. 188-220

8A. Ben-Israel, T.N.E. Greville, Generalized Inverses. Theory and Applications, Springer, 2, 2003.

°G.H. Golub, Ch.F. van Loan, Matrix Computations, The Johns Hopkins University Press, 1996



stage, an initial matrix is reduced to upper bidiagonal form (the Golub-Kahan bidiagonalization
algorithm °'°). The second stage is known as the Golub-Reinsch algorithm *". This is an
iterative procedure that generates a sequence of bidiagonal matrices converging to a diagonal
form. By acting in this way, we get an approximation to the SVD of bidiagonal matrix and
thereby the approximation to its Moore-Penrose inverse. The goal set in the thesis was to
develop a direct method of Moore-Penrose inversion for bidiagonal matrices, which can be
considered as an alternative to iterative Golub-Reinsch algorithm. In other words, it is possible
to calculate the Moore-Penrose inverse of a bidiagonal matrix without using the SVD. Moreover,
the approach applied to bidiagonal matrices can be used to obtain explicit expressions for the
elements of the Moore-Penrose inverse of tridiagonal skew-symmetric and skew-Hermitian
matrices.

Object of Study. The Moore-Penrose inverses for bidiagonal matrices, tridiagonal skew-
symmetric and skew-Hermitian matrices.

Methods of Study. The methods of numerical analysis, matrix theory and linear algebra
have been used.

Scientific Innovation. As a result of the conducted research, both analytical methods and
computational algorithms for Moore-Penrose inversion of sparse matrices of band structure
were developed. Let us highlight the main scientific results of the thesis:

1. For nonsingular tridiagonal Hermitian matrices, a simple computational procedure to
calculate the elements of the inverse matrix was developed; in the case of Toeplitz type
tridiagonal matrices, the procedure leads to explicit formulas for the elements of the
inverse matrix.

2. Explicit expressions for the elements of the Moore-Penrose inverse of complex upper
bidiagonal matrices was obtained; based on the closed form formulas, a finite recursive
numerical algorithm of optimal computational complexity was developed.

3. Closed form expressions for the elements of the Moore-Penrose inverse of real tridi-
agonal skew-symmetric matrices was derived; on the base of the formulas obtained, a
numerical algorithm that is optimal in terms of the amount of computational efforts is
constructed.

4. Explicit expressions for the elements of the Moore-Penrose inverse of tridiagonal skew-
Hermitian matrices with zero diagonal elements was derived; on the base of the formulas
obtained, a numerical algorithm with optimal computationa efforts is developed.

Theoretical and Practical Value. The results obtained in the thesis have theoretical con-
tent and at the same time are oriented towards practical application. The derived explicit
formulas for the elements of pseudoinverse matrices can be used in theoretical studies. The de-
veloped computational procedures for Moore-Penrose inversion of bidiagonal, skew-symmetric
and skew-Hermitian matrices can be useful in constructing efficient numerical algorithms for
large-scale linear algebra problems.

Approbation of the results. The main results of the thesis were presented at the scientific
conference "Computer Science and Applied Mathematics” (Yerevan State University, 23-25

'°G.H. Golub, W. Kahan, Calculating the Singular Values and Pseudo-Inverse of a Matrix, SIAM J. Num. Anal., 2, 1971,
pp. 205-224.

"G.H. Golub, C. Reinsch, Singular Value Decomposition and Least Squares Solutions, Numer. Math., 14, 1970, pp.
403-420.



March, 2022), at the international conference "Algebra, Logic and their Applications” (Yere-
van State University, 13-19 October, 2024) and at the scientific conference "Current Issues in
Computer Science and Applied Mathematics” (Yerevan State University, 28-30 April, 2025).
Publications. The results of the thesis were published in six scientific articles.
Structure of the thesis. The thesis consists of an introduction, four chapters, a conclusion
and a bibliography. It contains 106 pages, including 5 figures.

CONTENT OF THE THESIS

In Introduction the actuality of the topic is discussed, the aim and the problems of the thesis
are formulated.

In Chapter 1 we focus our attention on complex Hermitian tridiagonal matrices. A fairly
simple computational procedure was constructed, consisting of a sequence of recurrence re-
lations, leading to the calculation of the elements of inverse matrices. In special cases, in
particular for Toeplitz tridiagonal Hermitian matrices, the procedure can become the basis for
deriving closed-form expressions for the elements of the inverse matrices.

In Section 1.1 a nonsingular tridiagonal Hermitian matrix

al b1
E a2 bg 0
A= (6)
0 bn—2 An—1 bn—l
bnfl an
is considered, where a;, i = 1,2,...,n are real numbersand b; #0fori=1,2,...,n—1. We

assume that n > 3. The requirement that subdiagonal (superdiagonal) elements of the matrix
be nonzero is not restrictive. Indeed, if some of these elements are equal to zero, the problem
of computing the inverse matrix is decomposed into several similar problems for tridiagonal
matrices of lower order. We note right away that z stands for the complex conjugate of the
complex number z.

In Section 1.2, some preliminary results were obtained, namely the first and last columns
of the matrix A~" were calculated.

In Section 1.3, the main result of Chapter 1 was obtained. The following procedure to
calculate the elements of the inverse matrix A= = [x;].x» Was constructed.

Procedure Inv3d Hermitian
1. Input elements a1, a2, ..., a, and by, b, ..., by—1 oOf the matrix A given in (6).
2. Calculate the quantities f;, g;, p and g¢:

a; bi . a1 an

i = , i = ,122,3,...,7171; = -, = —
fi==—,9 P 15—

3. Calculate recursively the quantities p;:

pn =1, pn—1 = —q,
Hi = = fit1it1 — Git1biv2, t=n—2,n—3,..., L



4. Calculate recursively the quantities v;:
= 13 V2 = —p,

Vi = —

p (Vi—2 + ficivio1), i =3,4,...,n.
i1

5. Calculate the quantity ¢:
t = (aip1 +bipz) "

6. Calculate the lower triangular part of the matrix A~':
Ti; =twv;,t=4,7+1,...,n; j=1,2,...,n.
7. Set the upper triangular part of the matrix A™':
Tij =T, 1=1,2,...,5—1; 3=2,3,...,n.

8. Output the matrix A~ = [24;]nxn.
End procedure

The procedure Inv3d Hermitian can be useful for the following purposes. Firstly, it can
be used as a basis of numerical algorithms for inverting nonsingular tridiagonal Hermitian
matrices. In this case, it is easy to make sure that computing the lower triangular part of the
matrix A™' requires 0.5n% + O(n) arithmetical operations with complex numbers. Thus, we
have a numerical algorithm with an optimal number of arithmetic operations.

In Section 1.4, applying the procedure Inv 3d Hermitian, we derive explicit expressions for
the inverse of Teoplitz tridiagonal Hermitian matrix

a b
b b 0
A= (7)
0 b a b
b a

of order n, where a is a real number and b # 0. Additionally, we assume that
la| > 2[b]. (8)

Condition (8) ensures the nonsingularity of the matrix (7).
If |a| > 2|b|, then for the values j = 1,2,...,n, we obtain that

e [ = I - ()
r |:(a;;)r)"+1_(a2—br)n+l]

ifi=1,2,...,5—1and

Tij =




ifi=3,7+1,...,n, where
r=+/a? — 4]b|?.

If |a] = 2]b|, then for the values j = 1,2,...,n, we find that

in+1—35)i2 fani-t fa )" .
_qy-int =gy f(—) @ —1,2,...,5—1
( ) n+1 a 2b 2b 77’ )~ 7] 9
Tij = -
in+1—9j72 faNi-ta\"
—11](7177(—> — = 1,....n.
(-1 T\ o yi=g,7+1,...,n

In the following sections of Chapter 1 some applications of obtained results were discussed.

In Section 1.5, an alternative method for finding the coefficients of a natural cubic spline on a
uniform set of knots is proposed. The method is based on the analytical inversion of tridiagonal
matrices, which made it possible to obtain closed-form expressions for the coefficients. This
approach allows us to both identify the analytical dependence of the spline coefficients on its
values at the knots and obtain simple formulas for calculating these coefficients, bypassing the
solution of the system.

In Section 1.6, we point out another application of the analytical inversion of tridiagonal
symmetric Toeplitz matrices, namely, the problem of proving the stability in grid C-norm of
the implicit difference scheme for the heat equation.

The Chapter 2 is devoted to the Moore-Penrose inversion of bidiagonal matrices. First, we
obtain explicit expressions for the entries of the Moore-Penrose inverse. Secondly, based on the
closed form formulas, we get a finite recursive numerical algorithm of optimal computational
complexity.

In Section 2.1 we briefly outline the phases typically included in computing the Moore-
Penrose inverse of general matrices. The main objective of the Chapter is formulated, the main
purpose of which is to develop the method for Moore-Penrose inversion of upper bidiagonal
matrices that may be considered as an alternative to Golub-Reinsch procedure (see above The
Aim of the Thesis).

In Section 2.2 a singular complex bidiagonal matrix

ailr a2
a2 a23 0
0 An—1n—1 An—1n
Ann
is considered. We assume that a;;+1 # 0, ¢ = 1,2,...,n — 1. Otherwise, if some of super-

diagonal elements of matrix A are equal to zero, the problem of computing the Moore-Penrose
inverse is decomposed into several similar problems for bidiagonal matrices of lower order.



To compute the Moore-Penrose inverse of the matrix A, we apply a special partition of this
matrix into blocks. The partitioning procedure uses the arrangement of zeros on the main
diagonal of matrix.

As a result, our task is to find the Moore-Penrose inverses for blocks of the following three
types:

type 1: bidiagonal block of a size m x m;

type 2: bidiagonal block of a size m — 1 x m;

type 3: bidiagonal block of a size m x m — 1.

In Fig. 1 we schematically give the types of diagonal blocks (the mark % stands for a nonzero
entry).

" *
| = * | x * | *
T = * * .
" " * * *
type 2 *
type 1 yp type 3

Fig.1. The types of diagonal blocks.

Computing the Moore-Penrose inverse for a block of type 1 is not difficult, as it is nonsin-
gular matrix. Consider a square matrix

di
b1 do
B= ,
b'mfl dm
whered; #0, i=1,2,...,mand b; #0, i =1,2,...,m — 1.
The elements of matrix B = [2i;]mxm are as follows: for i = 1,2,...,m we have
_q1)itd oL ‘ )
Zij:( d)i .7"8,]:1,2,...71—1; z“:d—i;

s=j

zij=0,7=14+1,14+2,...,m,

where b
s==, s=1,2...,m—1.
T ds S m

To calculate the Moore-Penrose inverses for the blocks of type 2 and 3, in Section 2.3 we
outline an approach based on well-known equality

AT = lim (A"A+el) A", (10)

lim
e—+0

where I is the identity matrix, that is valid for any complex matrix®°.



As regards the block of type 2, consider an m — 1 x m bidiagonal matrix

di b
B = , (1)

dm—l bm—l

where b;,d; #0,i=1,2,...,m —1and m > 2. To invert L(¢) = B* B + I matrix, we take
advantage of Procedure Inv3dHermitian developed in Section 1.3. According to (10)
+ . —1 %
BT = SLITOL(E) B*. (12)

Finding first the inverse matrix L(c) ", the elements of matrix L(¢)~'B* are calculated and
a character of their dependence on the parameter ¢ is revealed. Then, according to equality
(12), passing to the limit when e — 40, we arrive to a closed form expressions for the elements
of matrix B*.

In Section 2.4 we formulate and prove some auxiliary formulas and relations that will be
used in the subsequent sections of this chapter.

In Section 2.5 the following main statement is achieved.

Theorem 2.5.1. Let B be an m — 1 x m bidiagonal matrix given in (11). Then the elements of
the Moore-Penrose inverse Bt = [2i;]lmxm—1 Of this matrix are as follows:

1) forj=1,2,....m—1andi=1,2,...,5:

(i) (T2 (I o)

s=m—k+1

2)forj=1,2,....om—1landi=5+1,5+2,...,m:

Thus in Theorem 2.5.1 we get formulas for the elements of the Moore-Penrose inverse of
a block of type 2. In addition, based on the expressions and recurrence relations obtained
in this section, we suggest a numerical algorithm to compute the elements of matrix B* =

[Zij]mxm—l-

10



Procedure (B = B")/type2
1. Input the elements b;,d;, 1 <i < m — 1 of matrix B (see (11)):
2. Compute the quantities r:

rs =bs/ds, s=1,2,....m—1;1r90=rm =1.
3. Compute the quantities ;:
limzlg lOLi: _Tiﬁi+17 t=m-—1m-—2,...,1.
4. Compute the quantities 7;:
n=1; Vigr=—vi [ri, i=1,2,...,m—1.
5. Compute the quantities ;:

Pm—-1 = 77’m—1/‘bm—1|2§

©; = —ri(|djr1P @i+ i) /|b %, j=m—2,m—3,... 1
6. Compute the quantities 1;:
1= —1/|di*; W = —(bj_rdj—ai—1+ ;) /|17, §=2,3,...,m— 1.

7. Compute the upper triangular part of matrix BT; for 1 < j <m — 1:

o o . .
zij =Vi -djep; /(P +|di[Per), i=1,2,...,5.

8. Compute the lower triangular part of matrix B*; for 1 < j <m — 1:

2 =Hi -dil /(B +|die1), =+ 1,5+2,...,m.

9. Output the matrix BT = [2ij]mxm—1-
End procedure

The numerical implementation of Procedure (B = B™)/type2 requires m? + O(m)
arithmetical operations. The latter means that this algorithm is of optimal computational com-
plexity.

As regards the block of type 3, the problem of finding the Moore-Penrose inverse for such
a block is reduced to the previous case. Indeed, by virtue of well-known property® we have

B =((B")"),

where B* is already the block of type 2.

So, based on the above research, we come to the following result. Let a singular upper
bidiagonal matrix A given in (9), with nonzero superdiagonal elements, be represented in the
block form, according to the rule described in Section 2.2. Then the matrix A™ also has the
block structure that is consistent with the block structure of matrix A. For blocks of type 1
and 2 we have obtained closed form expressions for the elements of their Moore-Penrose

1



inverses. The problem of computing the Moore-Penrose inverse for block of type 3 is reduced
to a similar problem for a block of type 2.

In Chapter 3 we deduce closed form expressions for the elements of the Moore-Penrose
inverse of tridiagonal real skew-symmetric matrices. Both even and odd orders of the matrices
are considered. On the base of the formulas obtained, algorithms that are optimal in terms of
the amount of computational work are constructed.

In Section 3.1 a tridiagonal skew-symmetric matrix

0 al
—a1 0 a2 0
O —0n—-2 O an—1
—Qn—1 0
is considered, where n > 3. We assume that a; # O foralli = 1,2,...,n—1. This requirement

is not restrictive, since if some of the overdiagonal elements of A are equal to zero, then we
can represent this matrix in block-diagonal form

A= diag (Al,AQ,. . .7Al),

where diagonal blocks A;, 1 < ¢ <[ are either skew-symmetric matrices with nonzero over-
diagonal elements, or zero blocks. In this case

A" =diag (AT, AT,..., A).

We will consider separately the matrices of even and odd orders in the next sections.
In Section 3.2, let n = 2m. From (12) we have

0 al
—a1 O as 0
A= . (13)
0 —Q2m—2 0 a2m—1

—Qa2m-—1 0

According to the above assumption about the overdiagonal elements, this matrix is nonsingular.
This statement we conclude from the easily proven equality

detA = (a1a3 e a2m_1)2.
In this section we arrive at the following statement.

Theorem 3.2.1. Nonzero elements of the matrix A~' = [zij]amx2m are computed by the
following formulas:

i—1

1 ,
22i2k—1 = Hps,z:k,k—l—l,...,m,
A2k—1 o
k—1 ) k= 1725' , M,
1 .
22i—12k = — HTS,Z:LQ,...,k
A2k—-1 -
where a u
_ 2s _ 25
s = , Ts= , o s=1,2,....m—1
a2s+1 a2s—1



Based on the above closed form expressions, let us write a computational procedure to
calculate the elements of the inverse matrix A~ = [z;;]2mx2m for skew-symmetric matrix A
given in (13).

Procedure MPInverse/even order

1. Input elements a1, as, . .., azm—1 of the matrix A (see (13)).

2. Calculate the quantities p.:

ps = azs/azsy1, s=1,2,...,m—1

3. Set z;; =0 for i,57=1,2,...,2m.
4. Calculate nonzero elements from the lower triangular part of A=

Zokok—1 = 1/ask_1,
. , k=1,2,...,m.
22i422k—1 = Z2i26—1Pi, t =k, k+1,...,m—1

5. Set nonzero elements from the upper triangular part of A~

Z2i—12k — —R2k2i—1, i:1,2,...,k:;k::1,2,...,m.

6. Output the matrix A~ = [2;;]2mx2m.

End procedure

A simple calculations show that computing all nonzero elements of the lower triangular part
of the matrix A™! requires 0.5m? + O(m) multiplications. Note that the number of mentioned

nonzero elements is m(m + 1) /2.
In Section 3.3, let n = 2m + 1. Then from (12) we have

0 al
—ai 0 a2 0
A= (14)
0 —G2m—1 0 az2m

—Q2m O
Regardless of the values of the overdiagonal elements, this matrix is singular. Indeed,
detA = detA” = det(—A) = (—1)°""detA = —detA,

from which it follows that detA = 0.
Let us introduce bidiagonal matrix

al —a2
as —Q4 0

0

az2m—1 —a2m

13



of the size m x m + 1. Next, we define the following matrices:

1, ifi=2j
P = [pijlem+1)xm, Pis =19 . . T i=1,2,...,m
[Pislam+1)x Pij {07 i 2 J
and
1, ifj=2i—1
= [gisl(m m+1), i =94 . Ti=1,2,...,m+1.
Q [qm]( +1)x(2m+1) qij {07 Ifj#Qi—l,

Then the matrix A can be written as follows:
A= (PBQ)" — PBQ. (16)
Lemma 3.3.1. Let the matrix A defined in (14) be written in the form (16). Then
At = (QTBPTYT — Q"B PT. (17)

So, the problem of finding the Moore-Penrose inverse for matrix A given in (14) is reduced
to a similar problem for matrix B defined in (15).

In Section 3.4 an approach to derive the Moore-Penrose inverse of the matrix B is based
upon the well-known formula

T T —1pT
B* = lim (BB +clyni1) "B (17)

(see (10)). Our plan is as follows. First we find the inverse matrix (BT B +¢I,,,+1)~*. Further,
the elements of the matrix (B” B + el,,+1) "' B” are calculated and a character of their de-
pendence on the parameter ¢ is revealed. Thereafter, according to the equality (17), passing
to the limit when ¢ — +0, we will arrive at closed form expressions for the elements of the
matrix B .

To obtain the inverse matrix (BYB +el,,11)"" = [ (£)]m+1xm+1, We take advantage of
Procedure Inv3dHermitian developed in Section 1.3.

Section 3.5 is devoted to the derivation of several auxiliary formulas and relations.

In Section 3.6 the elements of the matrix B are derived.

Theorem 3.6.1. Let B be an m x m + 1 bidiagonal matrix given in (15). It is assumed that
a; #0, 1 <14 < 2m. Then the elements of the Moore-Penrose inverse BT = [wij]m+1xm are
as follows: for1 < j <m,

(M) (me) (1)

wij = , i=1,2,...,j

and

i=j+1,542,....m+1,



where
Ts = ags/azs—1, s$=1,2,...,m.

In Theorem 3.6.1 we give formulas for the elements of matrix B*. In addition, based
on the expressions and recurrence relations obtained above, below we suggest a numerical

procedure to compute the elements of the matrix B™ = [wi;]m+1xm-

Procedure MPInverse B
1. Input elements a1, az, . .., azm of the matrix B (see (15)).
2. Calculate the quantities r,:

rs = ags/azs—1, s=1,2,...,m.
3. Calculate the quantities :
loim+1= 1; IOLZ: T lOLHh i=mm-—1,...,1.
4. Calculate the quantities 7;:
V1= 1; Bi+1:13i riy 1=1,2,...,m.
5. Calculate the quantities R;:

T'm T 2 ° .
Ry = ——; Ri:T(azi+1Ri+1+ Hip1), i=m—1,m—2,...,1.
A2m a3z

6. Calculate the quantities S;:

1 1 .
;S = T*(agi,25¢_1+ 131'_1), 1 =2,3,...,m.
;1 Ti-1
7. Calculate the quantity
o= a%Rl—i— My .
8. Calculate the elements of matrix B*:
asj 1 Vi RjJo, i=1,2,...,7, ‘
Wij = R ;=12 ... m.
—azjfllLiS]‘/U, i=75+1,7+2,....m+1
9. Output matrix Bt = [wij]m+1xm.
End procedure

Direct calculations show that the numerical implementation of the procedure MPIn-
verse B requires m® + O(m) arithmetical operations. By this very fact, the algorithm may

be considered as an optimal one.
In Section 3.7 the elements of the matrix A* of odd order are calculated.
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Theorem 3.7.1. Let A be a skew-symmetric matrix of order 2m+1 given in (14). It is assumed
thata; # 0, 1 <1 < 2m. The elements of the Moore-Penrose inverse AT = [z glam+1x2m+1
are as follows:

22i—125 = —Wij

} i=1,2,...,m+1,j=12...m,

225 2i—1 = Wij

where w;; are the elements of the matrix B obtained in Theorem 3.6.1; the remaining ele-
ments of the matrix A" are equal to zero.

Summing up the results obtained, we want to emphasize two main points. First, we have
obtained closed form expressions for the elements of the Moore-Penrose inverse of odd or-
der tridiagonal skew-symmetric matrices. Secondly, on the basis of the obtained formulas
and relations, a numerical algorithm which is optimal in terms of computational costs was
constructed.

The matrix A is said to be skew-Hermitian if A* = — A. As follows from the definition, the
diagonal elements of a skew-Hermitian matrix are either purely imaginary numbers or zeros.

In Chapter 4 we discuss the case when all diagonal elements are zero. Consider a tridi-
agonal matrix.

O al
—ar 0 as 0
A =
O —An—2 0 an—1
—Qn—1 0
where n > 3. We assume that a; # 0 for all i = 1,2,...,n — 1. This requirement is not

restrictive, since if some of the overdiagonal elements of A are equal to zero, the problem
of computing the Moore-Penrose inverse is decomposed into several similar problems for
matrices of lower order.

To find the Moore-Penrose inverse for tridiagonal skew-Hermitian matrices, we will use an
approach developed in Chapter 3 for skew-symmetric matrices. We will consider separately
the matrices of even and odd orders.

In Section 4.1 the matrices of even order are considered. Let n = 2m. Then we have

O al
—ay 0 as 0
A= (18)
0 —02m—2 0 a2m—1

—A2m—1 0

According to above assumption about the overdiagonal elements, this matrix is nonsingular. It
follows from the easily proven equality

det A = (|a1\ . |a3| LR |a2m_1|)2

16



Thus, in our case AT = A™'. Finding the inverse matrix will be based on a special decom-
position of the matrix A. To do this, we introduce into consideration bidiagonal matrix.

—ai as 0
—a3z a4
B= . (19)
0 —a2m—3 A2m—2
—a2m—1

of order m. Next we define the following matrices.

1, ifj=2i, .
P:[pij:lmx2m’ p’LJ_{O |f]#27, 1:1725"'3m'

Q= [tis] o i = {(1): ::j ; ;z - t i=1,2,...,m.
Then the matrix A can be written as follows:
A=P"BQ - (P"BQ)". (20)
Proceeding from (20) we can verify that
AT =Q"B'P-(Q"B'P)".

So, the problem of finding the inverse for the matrix A from (18) is reduced to the problem of
inverting the matrix matrix B defined in (19).

Lemma 4.1.1. The elements of the matrix B~' = [w;;]mxm are as follows: for the indices
j=1,2,...,m we have:

-1
1 JH 1

wij:—a? . Ts,i:1,2,...,j—1, Wyj = ——; ’LUl]:O,Z:j-i-l,j-f—Q,,m
—

s=1

where
_ Q2s
Ts =

s s=1,2,...,m—1.
a2s—1

It can be readily seen that calculations require m?/2 + O(m) complex arithmetical opera-
tions.

Theorem 4.1.1. The elements of the matrix A™" = [2;;]2mx2m are as follows:
Z22i—1 25 = Wij, 252]'22'_1:*’11)7”', ]:z,z+1,,m, i:1,2,...,m.

The remaining elements of the matrix are equal to zero.



In Section 4.2 the matrices of odd order are considered. Let n = 2m + 1. In this case we
have

0 al
—ar 0 az
A= —@ 21)
O a2m
—azm 0

Regardless of the values of overdiagonal elements, this matrix is singular. As in the previous
case (matrices of even order), the computation of the Moore-Penrose inverse A" is based on
a special representation of the matrix A.

Let us introduce the bidiagonal matrix

—ai a2
—as a4

—a2m—1 a2m
of size m x m + 1 Next, we define the following matrices:

1, ifj=2i, .
F:[fij]mXQm,+l7 fij_{o’ i 7 2, 1=1,2,...,m.

G =93] piisomerr 95 = {é ::j ; ::i i=1,2,...,m+1.
Then the matrix A can be written as follows:
A=F"BG - (F"BG)". (23)
It is straightforward to verify that
At =G"B*F - (G"BTF)". (24)

So, the problem of finding the Moore-Penrose inverse for matrix A is reduced to a similar
problem for the matrix B defined in (22). An approach to derive the Moore-Penrose inverse
of the matrix B is based on the well-known formula

+ _ * —1 5%
BT = lim (B'B+eln1) B
To obtain the inverse matrix (B*B 4 elnt1) " = [24(€)]m+1xm+1, We take advantage of
Procedure Inv3dHermitian developed in Section 1.3.

Section 4.3 is devoted to the derivation of several auxiliary formulas and relations.
In Section 4.4 the elements of the matrix BT are derived.
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Lemma 4.4.1. Let B be a bidiagonal matrix given in (22) and a; # 0, 1 < i < 2m. Then the
elements of the Moore-Penrose inverse BT = [wij](m+1)xm are as follows: for 1 < j <'m,

i—1 1 m k 1 m
(I 7) (17) (1T =)
s=1 k=j s=j s=k+1 . .
Wij = — oy & ™ ) 1=1,2,...,7,
a > (1) (11 =)
7 Te=k41

and
m 7 k—1 j—ll
<H7”s> k (H TS) <k Ts)
.. 5= t=354+1,...,m+1.

Wi = s=1 =1
K m k m ’
1
> (112) (11 -
Ts
k=0 \s=1 s=k+1
where a
2
rs = = S = 17 2a , M

As in Section 3.6, below we also suggest a numerical procedure to compute the elements

of the matrix BT = [wi;]m+1xm.

Procedure MPinverse B™
., azm of the matrix B.

1. Input elements a1, az, ..

2. Calculate the quantities r:

rs = a2 s=1,2,...,m.
a2s—1
3. Calculate the quantities i;:
/:Lm+1:1, /li:Ti[LH_l, i:m,mfl,...,l.
4. Calculate the quantities ;:
=1, =2 i=1,2,...,m
i
5. Calculate the quantities R;:
™ ri(|azit1|*Riv1 + flit1 .
Rm—|a2”‘27 R; = ( PE ), i=m-—1m—2,...,1.
6. Calculate the quantities S;:
1 |a2i—2|25i—1 + Ui—1 .
Si: \a2¢71|2n71 5 222,3,...777’1.

—
1 |a1|27
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7. Calculate
o= |a1|2R1 + fi1.

8. Calculate the elements of matrix B :

1% R .
_012]1?]5 2:1727"'3]7 1.9
’UJZJ: ~ = ]: 9 Sy . 7m
i—1 fli S . .
M, t=74+1,74+2,...,m+1,
(o

9. Output the matrix BT = [wi;]m+1xm.

End procedure

Direct calculations show that numerical implementation of the procedure
MPinverse B™ requires m* + O(m) complex arithmetical operations. By this fact, the algo-
rithm may be considered as an optimal one.

In Section 4.5 the elements of the matrix A™ of odd order are calculated.

Theorem 4.5.1. Let A be a skew-Hermitian matrix of order 2m+1 given in (21). It is assumed
thata; # 0, 1 < i < 2m. The elements of the Moore-Penrose inverse A* =

are as follows:

[Zaﬁ 2m41x2m41

Z2i—1 25 = Wij, 225 2i—1 = —Wij, 1=1,2,....m+1, 5=12...,m.

Here w;; are the elements of BT obtained in Lemma 4.4.1. The remaining elements of A
are equal to zero.

To summarize, in conclusion we emphasize two main results of this Chapter. First, we
obtained closed-form expressions for the elements of the Moore-Penrose inverse of tridiagonal
skew-Hermitian matrices with zero diagonal. Second, on the basis of the obtained formulas,
a numerical algorithm which is optimal in terms of computational costs was constructed.

Conclusions

1. For nonsingular tridiagonal Hermitian matrices, a simple computational procedure to
calculate the elements of the inverse matrix was developed; in the case of Toeplitz type
tridiagonal matrices, the procedure leads to explicit formulas for the elements of the
inverse matrix.

2. Explicit expressions for the elements of the Moore-Penrose inverse of complex upper
bidiagonal matrices was obtained; based on the closed form formulas, a finite recursive
numerical algorithm of optimal computational complexity was developed.

3. Closed form expressions for the elements of the Moore-Penrose inverse of real tridi-
agonal skew-symmetric matrices was derived; on the base of the formulas obtained, a
numerical algorithm that is optimal in terms of the amount of computational efforts is
constructed.

4. Explicit expressions for the elements of the Moore-Penrose inverse of tridiagonal skew-
Hermitian matrices with zero diagonal elements was derived; on the base of the formulas
obtained, a numerical algorithm with optimal computationa efforts is developed.
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Pestome

[vccepTauma noceaALleHa paspaboTke 1 TeopeTuyeckoMy 0b60CHOBaHWIO METOA0B obpalleHUs
Mypa-TeHpoy3sa maTpuu, crneumanbHol CTPYKTypbl - OupuaroHanbHbIX, TpexAuaroHanbHbIX
KOCOCUMMETPUYHBIX M KOCO3PMWUTOBbIX MaTpul.  OCHOBHOE BHWMaHWE B UCCNEROBaHMM
yaenaeTcA aHaaMTU4YeCKomy obpalLeHWto 3afiaHHbIX MaTpuL, U MOCTPOEHWUIO Ha 3TOll OCHOBe
ONTUMAasbHbIX MO MOPAAKY BbIYUCAUTENBHON CNOKHOCTM YUCNEHHbIX anroputmos.  [lnA
ntoboii mxn matpuupl A obpatHas matpuua Mypa-lleHpoysa A+ pasmepa nxm OfHO3Ha4HO
onpefenaeTcaA C NOMOLLbIO CNEeAYHOLLMX YETbIPEX YCNOBHIA:

AATA=A, ATAAT = AT, (ATA)* =ATA, (AAT)" = AAT.

O6patHaa matpuua Mypa-leHpoy3sa - Haubonee nonynApHbIA TN 0600LLLEHHbIX 0OpaTHbIX
MaTpuL, VAW NCeBAOOOpaTHbIX MATPULL, MMEIOLWMUI MHOMECTBO MPUMEHEHWI Kak B camoii
TeopuuM MaTpul, Tak UM B BbIYUCNEHHON nuHeiiHoli anrebpe. OHa wucnonb3yercs,
HarpuMep Mpu peLLeHn CUCTEM JIMHEVHBIX anrebpanyecknx ypaBHeHA METOL0M HaMMEHbLLIMX
kBagpatoB. [lceBgoobpaTHble MaTpuubl MO3BONANT MonyyaTb ODODOLLEHUA KNAacCUYECKUX
pelleHnii AnA MHOrMX 3afay, MPOACHATb CMbICT YacTO BCTPEYAMOLLMXCA HEKOPPEKTHbIX
pelleHnii M HaxoAuTb Crocobbl uX perynApusauuu. B HacToAwlee Bpemsa cyliecTByet
MHOKECTBO METOAOB W anroputMOB BbluMcieHua obpatHoit Matpuubl Mypa-lleHpoysa:
UCMONb30BaHUE CKENETHOTO Pa3NoKEHNA MaTpULbl, METOAbI, OCHOBaHHble Ha QR-pasnoxeHuy
maTpuubl, meton [pesunna u ppyrne.  Hanbonee achdpexTvBHbI MeTOA, BblYUCNEHUA
obpatHoii maTpuubl Mypa-lleHpoy3a OCHOBaH Ha CUHIYNAPHOM pa3foMeHUU (COKpaLLEeHHO
SVD) matpuubl. CnepyeT OTMETUTb, YTO BCE BbILLEYNOMAHYTblE METOfbl OPUEHTUPOBaHbI
Ha MmaTpuubl oblieil cTpykTypbl.  OpgHOBpPEMEHHO C 3TWM BO3HWMKaeT HeobXOoANMOCTb
B pa3paboTke anropuTMmoB nceBfoobpalleHna AnA MaTpul, CreuuanbHoil CTPYKTypbl -
paspeeHHbIX MaTpul, JEHTOYHbIX Matpul, U T. 4.  WHbiMmu cnosamn, pna matpuy,
c 6onblIMM KONMMYECTBOM Hyneil B 3apaHee 3afaHHbIX MecTax. lakue MaTpulbl 4acTo
BCTpevaroTca B npunoxenusx. Mcnonb3osaHvne MHOPMaLUM O PacrofioMeHnn Hynei B
MaTpuue Mo3BonuT paspabotatb 3(PPEKTUBHbIE aNrOpUTMbl CO 3HAYUTENBHO MEHbLUMMU
BbluncnuTenbHbiMu 3aTpatamu. OcHoBHas Lenb paboTbl - paspaboTka meTofos obpalleHus
Mypa-Tletpoysa bupamaroHanbHbIX, TpexaMaroHanbHbIX KOCOCUMMETPUYHbBIX U KOCO3PMUTOBbIX
MaTpuL,. XOpOLLIO U3BECTHO, 4TO 0bpaTHyto MaTpuLy Mypa-lleHpoy3a MOMHO HaiiTV C MOMOLLbIO
CUHTYNAPHOTO pasioMeHuA 3Toil maTpuubl. B 3Tom oTHOlWeHun cywiecTByeT Haumbonee
3ppeKTUBHDBIA anropuT™M, COCTOALLMIA M3 ABYX 3TanoB. Ha nepeom aTane ucxopHaa matpuua
NPUBOAUTCA K BepxHeill buanaroHanbHoli chopme (buanaroHanusauum lonyba-KaxaHa). Bropoii
aTan ussecTeH Kak anroputm [onyba-PaiiHwa. 3710 uTepaumoHHas npouepypa, KoTopas
reHepupyeT MocnefoBaTeNbHOCTb bunaroHanbHbIX MaTpuL, CXOAALLUMXCA K AMaroHasbHOW
cdopme.  [lelictBya nopgobHbiM 0bOpa3oM, Mbl Monyyaem npubNUMEHUe K CUHTYnApHOMY
pasnomeHuto bugmaroHanbHON MaTpulpbl W, CnefoBaTenbHO, NpubnumeHne k ee obpaTHoi
matpuue Mypa-lenpoysa. OpHoli U3 OCHOBHbIX 3ajay AuccepTauun ABNANOCH paspaboTka
npaAmMoro meTopa obpatlleHna matpuubl Mypa-TleHposa ana buanaroHanbHbIX MaTpyLL, KOTOPBbII
MOMHO byfeT paccmaTpuBaTb Kak anbTepHaTWBy WTepauvoHHOMy anroputmy lonyba-PeiiHwa.
MHbIMK cnoBamu, MOMHO BblYMCINTbL 0bpaTHyto MaTpuuy Mypa-lleHpoysa ana buguaroHanbHoi
MaTpuLbl 6e3 NCNoNnb30BaHUA CUHIYNAPHOTO pasnomeHna. Bonee Toro, nogxon, NpUMeHAeMbIi
K bupmaroHanbHbIM MaTpuL,am, MoxeT 6bITb MCMONb30BaH ANA MONYYEHUA ABHbIX BblpameHuii
anemeHTOB obpatHoii MaTpuLbl Mypa-leHpoysa ana TpexanaroHanbHbIX KOCOCUMMETPUYHBIX U
KOCO3PMWUTOBBIX MaTpULL.
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B pesynbtate nposepeHHbIx B paboTe uccnefoBaHWiA MonyyeHbl CheaytoLiMe OCHOBHbIE
pesynbTarbl:

1. AnA HeBbIPOMAEHHbIX TPEXAMaroHalbHbIX 3PMMTOBbLIX MaTpuL, paspaboTaHa npocTas
BblYMNCNUTENbHAA Mpolieaypa AfA pacyeTa 3neMeHTOB obpaTHoOW MaTpulubl; B cnyyae
TpexpuaroHabHbIX TENIMLEBbLIX MaTPUL, 3Ta NpoLeaypa NPUBOAUT K ABHbIM chopmynam
AN1A 3N1emMeHTOB 0bpaTHOI MaTpuLibl;

2. nonyyeHbl ABHblE BblpaMeHWA ANA 3neMeHToB obpaTHoii matpuubl Mypa-lleHpoysa
INA KOMMNEKCHbIX BEPXHUX [ABYXAMAroHanbHbIX MaTpul,; Ha OCHOBE ABHbIX POpMyN
paspabotaH oOMTUMalbHbIA MO MOPAOKY apuMETUHECKUX onepauuii  KOHEeYHbI
YUCNEHHbIN aNropuTM;

3. nonyyeHbl aHanUTUYECKWe BbIPaMEHWA [NA 3nemeHTOB obpaTHoii matpuubl Mypa-
MeHpoysa pnAa TpexgmaroHanbHbIX BELLLECTBEHHbIX KOCOCUMMETPUYHBIX MaTpul,; Ha
OCHOBE MOJNyYeHHbIX POPMYN MOCTPOEH YWUCNEHHBIV anropuTM, ONTUMAIbHbIN C TOYKK
3peHnA obbema BbIYUCIUTENbHbBIX 3aTpaT;

4. nonyyeHbl ABHble BbIPAXEHWA LA 3neMeHToB obpaTHoli matpuubl Mypa-leHpoysa
ANA  TpexamMaroHanbHbIX KOCOIPMUTOBbLIX MaTpUL, C HyNeBbIMW AMaroHanbHbIMM
afemMeHTaMu; Ha OCHOBE MoNy4eHHbIX popmyn paspabotaH onTUManbHbIN MO MOPALKY
BbIYMCNNUTENBHbIX 3aTPaT YMCNEHHbI anropuTM.
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Udthnthnud

Uwnbuwlununtpintup udppywé k hwwnnty Yuwnnigwdph dwuwnphgubipp’
Gpywuyniuwgdwihu,  Gpbpwuyniuwgdwihu  sbnwuhdbinphy W oinwhbGpdhunjwu
dwuwphgubiph Unip-Mbupnnigh punhwupwgywsd hwlwnwpddwu dbpnnutph dowlydwup
U nbuwywu hhduwynpdwup: Nwnifuwuppnipjwt hhduwwu nwnpnyjwu Yaunpnuned
Gu updwd dJwwphgubph Jbppdwywyu hwywnwpénwp W npw  hhdwtu Jpw' puwn
hwoynnwywtu wotuwwnmwuph dwywih owywnhdw| Ywiht wignphpdubph Yunnignidp:

Swulwgwd m xn swihh A dJwwnphgh hwdwp nxm swihh Unip-MGupnnigh hwwnwpé
dwunphgp' A", dphwpdbpnpbu npnaynid £ hbnlyw) snpu wwydwutubpny.

AATA=A, ATAAT = AT, (ATA)* =ATA, (AAT)" = AAT.

Unip-NGupnnigh  hwwnwpd dwwnphgp punhwupwgwé hwlywnwnpd  dwwinphgubph
Ywd thubnnhwlwnwpsd  dwwnphgubph wdblwnwpwédywsd  nbuwlyu E, npu nup
pwquwehy Yhpwnnipniuubp huswbu dJwnphgubiph wbunijwt, wjuwbu k| hwaynnuwu
géwjht  hwupwhwoyh dbe: Wu Yppwnynd E, ophtuwly, gdwihu hwupwhwojwlwu
hwjwuwpnwfubph hwdwlwpgbph ndwu dwdwuwly' thnppwgnyu  pwnwlnwhubiph
dbpnnny: Pulnnhwlwnwpd dwwnphgubpp  htwpwynpniginiu Bu wwhu  unwuwg
pwquwehy fuunhpubiph nwuwlwu nwdnwdubiph punhwupwgnudutip,  wwpqupwub
hwéwfu hwunhwnn ny Ynntyun ndnidubiph hdwuwp b gunub| npwug uwunuwlwpgdwu
Gnwuw\ubp:

LbpYwynudu gnynieyniu niubt Unip-MGupnnigh hwwnwpd dwwnphgh hwodwnpydwu
pwquwrehy  Jbpnnutp L wignphpedubn’  dwwphgh  Ydwfupwiht - Ybpnidniejwi
ognwgnpénud, QR-ybpndniypjwu ypw hhduwsd dbpnnubp, Spuhiph dbenn b wju:
Unip-MbEupnnigh hwwnwnpéd dwwphgh hwowpydwu wnwyb] wpryniiwybn dbennp
hpduqwd £ dwwinphgh upugniywp ybpndnieiuu (Ypdwwn' SVD) Jpw: Mbwnp k ugky, np
dbpp upwd pninp dhennubipp bwfuwwbudwsd Gu punhwunyp Yunnigwép niubignn
dwuwphgubiph hwdwp: Vhwdwdwuwl wnwowuntd £ hwwnty Junnigwdp niutignn
dwuwphgubph® unup Jwwphgubph, dwwwybuwihu Jwwphgubph W wjuh  hwdwp
thulinnhwwnwpddwu wignphpdutph Jywlydwu wuhpwdbonnyeniu: Uy Yepw wuwd'
funupp Ybpwpbpnw £ wjiu dwinphgubphu, npnup niubu UBd pwuwynigjwdp gpnjujw
wmwppbp twfuwwbu wnpdwd nhppbpnud: Ldwu  dwwphgubpp hwéwfu  hwunhwnod
Gu  Yphpwnnigniuubipnud:  Uwwphgnd  gpnjuijwu wwppbph - wbnuywpdwu  dwupu
nbntlwwnynigjwtu  ogunwgnpdnip  huwpwynpniginiu Yuw  dowybp  wpryntuwybin
wignpheUubn’ qquihnpbiu thnpp hwadwnlwht dwiuubpny:

Upluwwmwuph  hpduwlwu  twwwnwlu E dowlyl  GBplywuyniuwgdwihu,
Gpbpwuyniuwgdwiht - stinwupdbinppy L otinwhbpdhnywtu  dwwnphgubiph Unip-
Mbupnnigh hwlwnwpddwu dbennubn: <wjnuph £, np Unip-Mbupnnigh  hwlwnwnpé
dwwphgp Ywpbih £ gt nyw) dwiphgh uhtgnujup gbpnidniejut - dhongny:
Qnyniginiu ntuh wnwybp wpryniuwybn wignphed, npp pwnlugwd £ Gpyne thnyhg:
Unwoht thnynd uygpuwlwt dwinphgp plipynwd £ gbipht Gplwulyniuwgdwihu inbiuph
(9ninp-Ywhwt): Bpypnpn hnyp hwjinuh £ npwbu Snnep-Nwjuph - wignpped: Wu
hnbpwghnu gnpdpupwg E, npp gtubpwgunud £ Gpywulniuwgdwihu  dwwnphgubph
hwonpnwywuntegyntu, npp gqniqudhunnd £ wulyniuwgdwiht wbuph: Wu Gnwuwyny
unwgynuwd £ Gpywuyniuwgdwihu dwuinphgh upugniywp Ybppndnypjw dninwpynwd L,
htnlwpwn, upw Unip-NEupnnigh hwywnwpé dwinphgh dnnwpynd: Unbuwfununyejw
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hhduwywu fuunhpubphg dtyu Ep Gpywuyniuwgdwihu dwwnphgutph hwdwp Unip-
Mbupnnigh hwlwnwnpd dwwnphgh ninnuyh hwoyuplydwu deennh dowynidp, npp Yupnn
E nhnwpldtp npwbu Snpnp-Nwjigh pubpwghnt wignphedh wypiinpwp: W Yapw
wuwd' huwpwynp £ hwayb) Gpluuyniuwgdwihu dwwnphgh Unip-Mbupnnigh hwywnwpa
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