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Actuality of the subject. Polynomial interpolation is one of the fundamental tools
in computational mathematics, numerical analysis, and approximation theory. The basic
problem—constructing a polynomial that takes prescribed values at prescribed points—
arises in many applications, including function approximation, numerical integration, data
fitting, and the construction of cubature formulae.

In the univariate case the theory is classical and complete. The foundational works of
Lagrange and Newton provide both the theoretical framework and effective computational
procedures: any set of n+ 1 distinct points uniquely determines an interpolating polynomial
of degree at most n.

The situation changes substantially in two and more variables. Multivariate polynomial
interpolation depends not only on the number of nodes but, crucially, on their geometric
configuration. This feature leads to a close connection with algebraic geometry: the cor-
rectness (unisolvence) of an interpolation problem can be characterized by the absence of
nonzero polynomials of a given degree vanishing on the node set, equivalently, by incidence
restrictions with algebraic curves.

A central role in this theory is played by the GC),-sets introduced by Chung and Yao
(1977). These are n-correct node sets for which the fundamental polynomial of each node
splits completely into linear factors. Such configurations yield explicit interpolation repre-
sentations of Lagrange type and are therefore of special interest both from the theoretical
and the constructive viewpoints.

The Gasca—Maeztu conjecture (1982) asserts that every GC,,-set contains a maximal line,
that is, n + 1 collinear nodes. The conjecture has been verified only for small degrees: the
case n = 3 was proved by Gasca and Maeztu, the case n = 4 was established by Busch
(1990), and the case n = 5 was resolved by Hakopian, Jetter, and Zimmermann (2014). For
n > 6 the conjecture remains open, and further progress depends on obtaining structural
restrictions on GC),, configurations. For a generalization of the GM conjecture to maximal

curves see [19].

Purpose and goals of the thesis. The main purpose of this thesis is to investigate
the structure of GC,,-sets and to study the Gasca—Maeztu conjecture, with particular focus
on the cases n =5 and n = 6.

The thesis consists of five chapters. In the first chapter, we present the necessary back-
ground on univariate and bivariate polynomial interpolation, introduce n-correct sets and
G, -sets, and formulate the Gasca—Maeztu conjecture.

In the second chapter, we study n-node lines in GC,,-sets. We introduce the concept of



defect and investigate the relationship between the defect and the number of n-node lines
passing through a given node. New proofs of the two fundamental properties of n-node lines
in GC,,-sets are presented. Bounds on the number of n-node lines passing through a given
node in a GC,-set are obtained.

In the third chapter, we present a new proof of the Gasca—Maeztu conjecture for n = 5.
So far, the conjecture has been confirmed only for n < 5. For the n = 4 case, many proofs
are known; see e.g. [2[, [4], [14]. For the case n = 5, no proof except [15] was known. Let us
mention that our proof is much shorter and transparent.

In the fourth chapter, we take a step towards proving the Gasca—Maeztu conjecture for
n = 6. It is worth mentioning that the analogue of the main result of this chapter was a
crucial step in the proofs of the cases n =4 and n = 5.

And the fifth chapter is devoted to the study of maximal curves in n-correct sets. We

present new properties of maximal curves, as well as extensions of known properties.

The object of research. Bivariate polynomial interpolation, n-correct set, n-independent
set, n-fundamental polynomial, the Gasca—Maeztu conjecture, GC),-set, maximal line, max-

imal curve, n-node line.

The methods of research. The methods of univariate and multivariate polynomial

interpolations as well as some methods of algebraic geometry are applied.

Scientific novelty. We develop a systematic theory of maximal curves in n-correct sets.
We present new properties of maximal curves, as well as extensions of known properties. We
establish characterizations involving the Hilbert function and results on the intersection of
two and three maximal curves. We investigate conditions under which maximal curves can
share a common component.

We introduce and study the concept of the defect of a line with respect to a GC,,-set.
For a k-node line ¢, the defect measures how many nodes fail to use the line £. We establish
new results relating the defect to the structure of the node set, and we prove bounds on the
number of n-node lines that can pass through a given node.

We provide a new proof of the Gasca—Maeztu conjecture for the case n = 5. The original
proof [15] (2014) was the only existing proof for this case. Our proof is significantly shorter
and more transparent.

We make progress toward proving the Gasca—Maeztu conjecture for the case n = 6. Let
us mention that the analogue of this result was crucial in the proofs of the cases n = 4 and

n = 9.



Finally, we develop a systematic theory of maximal curves in n-correct sets. We present
new properties of maximal curves, as well as extensions of known properties. We establish
characterizations involving the Hilbert function and results on the intersection of two and

three maximal curves. We investigate a characterization of maximal curves in GC,, sets.

Practical significance. The results obtained in the thesis are theoretical. They have

also practical importance.

The following provisions are presented for the defence.

— New proofs of the fundamental properties of n-node lines in GC,,-sets.

— New properties of n-node lines in GC,,-sets.

— A connection between the defect of a GC,,-set and the structure of n-node lines.
— A new proof of the Gasca—Maeztu conjecture for n = 5.

— A result for the case n = 6 of the Gasca—Maeztu conjecture.

— New properties of maximal curves in n-correct sets.

— Results on the intersection of two and three maximal curves.

— A characterization of maximal curves in GC,, sets is provided.

— General constructions of n-correct sets with two prescribed maximal curves.

The approbation of obtained results. The results of the thesis were reported

— in the scientific seminars held in the department of Numerical Analysis of Faculty of

Informatics and Applied Mathematics of Yerevan State University,

— in the International Conference on Mathematical Analysis and Differential Equations,

19-23 September, 2022, Tsaghkadzor, Armenia.

Publications. The results of the thesis were published in 3 scientific articles and re-

ported in an international conference. One more paper has been accepted for publication.

The structure and the content of the thesis. The thesis consists of introduction,

two parts each of which contains three chapters, summary and bibliography.



THE CONTENT OF THE THESIS

In Chapter 1 we present bivariate interpolation and some basic known facts.

Denote by II,, the space of bivariate polynomials of total degree < n, for which

N =N, :=dimIl, = (n+1)2(n+2)'

The space of polynomials in two variables is denoted by II.
Let X := Xs = {(z1,v1), ..., (xs,ys)} be a set of s distinct nodes in the plane.
The problem of finding a polynomial p € I, satisfying the conditions

plai,yi) = ¢, 1=1,2,...s, (1.1.1)

for a data ¢ := {cy,...,cs} is called interpolation problem.

Definition 1.2.1. A set of nodes X is called n-solvable if for any data ¢ there exists a
polynomial p € II,, satisfying the conditions (1.1.1).

Definition 1.2.2. A set of nodes X is called n-correct if for any data ¢ there exists a
unique polynomial p € II,, satisfying the conditions (1.1.1).

A necessary condition of n-correctness is: #X, =s = N.

Denote by p|x the restriction of p on X.

Proposition 1.2.3. The n-correctness of the set X := Xy is equivalent to each of the
following conditions:

(i) The set X" is n-solvable.

(ii) p € U, plx =0 = p=0.

Definition 1.2.4. A polynomial p € II, is called an n-fundamental polynomial for
A= (zp,yx) € X, if playjay = 0 and p(A4) = 1.

We denote an n-fundamental polynomial of A € X' by p} = piy .

Definition 1.2.5. A set of nodes X is called n-independent if each node has an n-
fundamental polynomial. Otherwise, it is n-dependent. A set X is called essentially n-
dependent if none of its nodes has an n-fundamental polynomial.

Fundamental polynomials are linearly independent. Therefore a necessary condition of
n-independence is #X; = s < N.

If a set of nodes X is n-independent then the following Lagrange formula gives a poly-
nomial p € II,, satisfying the conditions (1.1.1):

S

p([L‘,y) = Zczp:(x7y>

=1



Proposition 1.2.6. A set of nodes X" is n-independent if and only if it is n-solvable.

Proposition 1.2.7. Any n-independent set of nodes X, with the cardinality s < N can
be enlarged to an n-correct set Xy.

A plane algebraic curve of degree n, n > 1, is the zero set of some non-zero bivariate
polynomial of degree n. To simplify notation, we shall use the same letter, say p, to denote
the polynomial p and the curve given by the equation p(x,y) = 0. In particular, by ¢ we
denote a linear polynomial from IT; and the line defined by the equation ¢(z,y) = 0.

Definition 1.2.8. Let X be a set of nodes. We say that a line ¢ is a k-node line if it
passes through exactly k nodes of X.

Proposition 1.2.9. Suppose that a polynomial p € II,, vanishes at n+ 1 points of a line
¢. Then we have that p = fq, where q € 1I,,_;.

This implies that at most n + 1 nodes of an n-independent set can be collinear. An
(n 4 1)-node line ¢ is called a maximal line.

Denote the set of maximal lines of an n-correct set X by M(X).

Proposition 1.2.10. Let X be an n-correct set. Then the following hold:

(i) Any two maximal lines intersect at a node of X.

(ii) Any three maximal lines are not concurrent.

(iil) #M(X) <n+2.

Set d(n, k) := N, — Ny = sk(2n + 3 — k).

Proposition 1.2.11. Let ¢ be an algebraic curve of degree £ < n with no multiple
components. Then the following hold:

(i) Any subset of ¢ containing more than d(n, k) nodes is n-dependent;

(ii) Any subset X of ¢ containing exactly d(n, k) nodes is n-independent if and only if
pell,and plx =0 = p=gqr, recll, ;.

Thus at most d(n, k) n-independent nodes lie in a curve ¢ of degree k < n.

Definition 1.2.12. Let X be an n-correct set. A curve f of degree k < n passing
through d(n, k) nodes of X is called a maximal curve.

Since d(n,n) = N — 1 we get that each fundamental polynomial of X" is a maximal curve
of degree n.

Definition 1.2.14. Let X be an n-correct set. We say that a node A € X uses a line ¢,
it p% = {q, where q € I1,,_;.

Lemma 1.2.15. Suppose X is an n-correct set and a node A € X uses a line /. Then
¢ passes through at least two nodes from X, at which ¢ from the above definition does not

vanish.



Definition 1.2.16. For a given set of lines ¢1, ..., ¢y, we define Ny, 4, to be the set of

those nodes in X which do not lie in any of the lines ¢;, and for which at least one of the
lines is not used.

In the case of one line ¢ we have
Ny={AeX:A¢/( and A is not using (}.

Proposition 1.2.17. Assume that X is a GC,-set, and ¢4, ..., ¢, are lines. Then the
following hold for N' = N, ..

(i) If N is nonempty, then it is essentially (n — k)-dependent.

(ii) N' = 0 if and only if the product ¢; - - - £} is a maximal curve.

Now we are in a position to present the Gasca—Maeztu conjecture:

Conjecture 1.2.19. For any GC),-set there exists at least one maximal line.

The GM conjecture is evident for n = 2. Till now it has been confirmed for the degrees
n=3,4,5.

Theorem 1.2.20. Suppose that the Gasca—Maeztu conjecture holds for all degrees up
to n. Then any GC,,-set possesses at least three maximal lines.

Corollary 1.2.21. Let X be a GC),-set. Suppose that the Gasca—Maeztu conjecture
holds for all degrees up to n. Then any node of X uses a maximal line.

In Chapter 2 we study n-node lines in GC,,-sets.

We call a node A € X type k,, node if exactly k& maximal lines of X pass through A.
Thus, according to Proposition 5.1.10, there can be only type 0,,, 1,, and 2,, nodes in X.

Proposition 2.1.5 ([5]). Let A be a maximal line in a GC,-set X'. Then the set X'\ A
is a GC,_q set.

Definition 2.1.7 ([3]). The defect of an n-correct set X is the number def(X) :=
n+2—#MX).

In view of Proposition 5.1.10 we have that 0 < def(X) < n + 2.

Proposition 2.1.8 ([5]). Let A be a maximal line of a GC),-set X. Then we have that

def(X \ \) = def(X) or def(X)—1.

Definition 2.1.9. Given an n-correct set X and a line £, X* is the subset of nodes of X
which use the line ¢.

Theorem 2.1.10 (|6]). Let X be a GC,-set. Assume that the GM Conjecture holds for
all degrees up to n. Then def(X') € {0,1,2,3,n — 1}.

Corollary 2.1.11. Let X be a GC)-set. Assume that the GM Conjecture holds for all

degrees up to n. Then we have that



(i) there are no 0,, nodes in X if def(X') < 1;

(ii) there is exactly one 0,, node in X" if def(X) = 2;

(iii) there are exactly three noncollinear 0,, nodes in X if def(&X’) = 3.

Theorem 2.1.12 (|22]). Assume that GM Conjecture holds for all degrees up to n. Let
X be a GC,-set, n > 4, and ¢ be an n-node line.

Then one of the following two conditions holds:

1. |X¢ = (3) if and only if there is a maximal line Ay such that Ag N ¢ N X = (. In this
case we have that

X=X\ (LU N).

2. |X¢ = (",") if and only if there are two maximal lines X', \", such that N NA"N{ € X.
In this case we have that

X=X\ (CUNUN).

Moreover, if n = 3, then the above statement holds with one addition:

3. |X%] = 0 if and only if there are exactly three maximal lines in X and they intersect £
at three distinct nodes.

Corollary 2.1.13 ([22]). Assume that GM Conjecture holds for all degrees up to n. Let
X be a GC)-set with exactly three maximal lines, where n > 4. Then, there are exactly
three n-node lines in X', each of which intersects exactly two of the three maximal lines and
does not contain a 2,, node.

Denote by N(X') the set of n-node lines in X

Proposition 2.2.1. Let X be a GCj set, def(X) =1 or 2. Then the following hold:

(i) #N(X) <4 or 5 if def(X) = 1 or 2, respectively;

(ii) Two 3-node lines may not intersect at a node of X if they both are type (k,1,1),,,
where k =2 or 1 if def(X’) = 1 or 2, respectively;

(iii) There are no three 3-node lines such that no two of them intersect at a node of X’;

(iv) There are no four 3-node lines concurrent at a node of X.

Proposition 2.3.1 (|21]). Let X be a GC,-set, where n > 4. Assume that GM Conjec-
ture holds for all degrees up to n. Then any two n-node lines in X intersect at a node of
X.

Proposition 2.4.1 ([21]). Let X be a GC,,-set, where n > 4. Assume that GM Conjec-
ture holds for all degrees up to n. Then we have that #N(X) < 3.

Lemma 2.4.2. Let X be a GC,,-set, where n > 3. Then we have that four n-node lines

cannot be concurrent at a node in X.



Proposition 2.5.1. Let X be a GC,,-set, where n > 4 and {y be an n-node line with

exactly ko number of 0,, nodes. Then we have that
def(X) = ko + 1.

Moreover, we have that any n-node line in X contains

(i) not more than one 2, node;

(ii) exactly s or s + 1 1,, nodes, where s = #M(X) —2 > 1.

Furthermore, if an n-node line contains all types 0,,, 1., 2,, nodes, then def(X’) = 2.

In Chapter 3 we present a new, simpler proof of the Gasca—Maeztu conjecture for n = 5.

The key result of this chapter is:

Theorem 3.2.1. For any GC5 set X of 21 nodes there is a maximal line, i.e., a 6-node
line.

To prove the theorem assume by way of contradiction the following.
Assumption. The set X is a GC5 set with no maximal line.

In view of the conditions k1 > ky > --- >k, and k1 +---+k, = N —1, as well as k; > 2,

the only possible m-d sequences for any node A € X’ are
(5,5,5,3,2); (5,5,4,4,2); (5,5,4,3,3); (5,4,4,4,3); (4,4,4,4,4).

Proposition 3.2.3 (|15]). Suppose that { is a 2-node line. Then ¢ can be used by at
most one node of X.

Proposition 3.2.4 ([15]). Suppose that ¢ is a 3-node line and is used by two nodes
A, B € X. Then there exists a third node C' using {. Furthermore, A, B, and C' share three
other lines, each passing through five primary nodes. For each of the three nodes, the m-d
sequence is (5,5,5,3,2), and the other two nodes are the primary nodes in the respective
fifth line. In particular, ¢ is used exactly three times.

Proposition 3.2.5 ([15]). Suppose that a line { is used by three nodes A, B,C € X.
Then ¢ passes through at least three nodes of X.

Corollary 3.2.6 ([15]). Suppose that a line £ is used by four nodes in X. Then / is a
5-node line.

Proposition 3.2.7 ([15]). Suppose that a line £ is used by five nodes in X. Then / is a
5-node line, and it is actually used by exactly six nodes in X. These six nodes form a GC,
set and share two more lines with five primary nodes each, i.e., each of these six nodes has
the m-d sequence (5,5,5,3,2).

Proposition 3.3.1. Assume that X' is a GC5 set with no maximal line. Then for no

node in &' the m-d sequence is (5, 5,5, 3, 2).

10



Lemma 3.3.3 (|15]). (i) The set B is a GC; set, and each node B € B uses the three

lines of L3 and the two lines it uses within B, i.e.,

pTg,X = £1€2€3P*B,B~

(ii) No node in A uses any of the lines of L.

Definition 3.3.4. We say that a line ¢ is a ks-node line if it passes through exactly k
nodes of A.

Lemma 3.3.5. (i) Assume that a line ¢ ¢ Ls does not intersect a line £ € Ls at a node
in X. Then the line ¢ can be used at most by one node from A. Moreover, this latter node
belongs to £ N A.

(ii) If a line £ is 04 or 14-node line then no node from A uses the line /.

(iii) If a line £ is 24-node line then ¢ can be used by at most one node from A.

(iv) Suppose ¢ is a maximal line in B. Then ¢ can be used by at most one node from A.

Proposition 3.3.6. Let {p, ), be a 5-node line, which is used by all the six nodes of a
subset Ag C A. Suppose also that £ is a 4-node line passing through B;. If the line £ is used
by three nodes from A then all these three nodes belong to Ag.

Lemma 3.3.7. Suppose that a line ¢, passing through B and different from the line
CBa,, is a 34-node line. Then ¢ can be used by at most three nodes from A.

Lemma 3.3.8. We have that ms(B) < 4.

Lemma 3.4.1 (|15]). Assume that X is a GCj; set with no maximal line. By Proposition
3.3.1, for no node of & the m-d sequence is (5,5, 5,3,2). Then the following hold.

(i) There is no 3-node line and m-node line is used exactly m —1 times, where m = 2,4, 5.

(ii) No two lines used by the same node intersect at a node in X'.

Corollary 3.4.2. For no node in X’ the m-d sequence is (5,5,4,3,3) or (5,4,4,4,3).

Proposition 3.4.3. For no node in X the m-d sequence is (5,5, 4,4, 2).

Proposition 3.5.1. For no node in X the m-d sequence is (4,4,4,4,4).

In Chapter 4 we make a step for proving the Gasca—Maeztu conjecture for n = 6.

Theorem 4.2.1. Any GCj set contains seven collinear nodes.

To make a step for the proof assume by way of contradiction:

Assumption. The set X is a GCq set without a maximal line.

The only possible m-distribution sequences for any node A € X in the case n = 6 with

11



N = 28 are:

i) (6,6,6,4,3,2) (i)  (6,6,5,5,3,2) (i)  (6,6,5,4,4,2)
(iv)  (6,6,5,4,3,3) (v)  (6,6,4,4,4,3) (vi)  (6,5,5,5,4,2)
(vi)  (6,5,5,5,3,3) (viii)  (6,5,5,4,4,3) (ix)  (6,5,4,4,4,4)
x) (55,5552 (x) (5,5554,3) (xii) (5,5,5,4,4,4).

Theorem 4.1.9 ([20], [16]). Let ¢ = 1 or 2. Assume that X" is an n-independent set of
d(n,k — 1) +i nodes with 1 +4¢ <k <n — 1. Then at most 2i different curves of degree < k
pass through all the nodes of X'.

Moreover, there are such 2¢ curves for the set X if and only if all the nodes of X but ¢
lie in a maximal curve of degree k — 1.

Theorem 4.1.10 ([17]). Assume that X is an n-independent set of d(n, k —2) + 3 nodes,
3 <k <n—1. Then at most 3 linearly independent curves of degree < k pass through all
the nodes of X.

Moreover, there are such three curves for the set A if and only if all the nodes of X lie
in a curve of degree k — 1, or all the nodes of X but three lie in a (maximal) curve of degree
k—2.

Theorem 4.1.11 ([18]). A set X’ consisting of at most 3n nodes is n-dependent if and

only if one of the following conditions holds.

1. n + 2 nodes are collinear,
2. 2n + 2 nodes belong to a (possibly reducible) conic,

3. #X = 3n, and there exist v € 1lI3 and o € II,, such that X =y nNo.

Corollary 4.1.12. A set X consisting of at most 3n — 1 nodes is n-dependent if and
only if either n+ 2 nodes are collinear, or 2n+ 2 nodes belong to a (possibly reducible) conic.
Consider a 2-node line £. For the (~m-distribution sequence of a node A ¢ { there are

only the following five possibilities:

(i) (2,6,6,6,4,3) (i) (2,6,6,5,5,3) (iii) (2,6,6,5,4,4) 43.1)
(vi) (2,6,5,5.5,4) (x) (2,5,5,5,5,5).
Proposition 4.3.1. Assume that X is a GCg-set, and suppose that { is a 2-node line.
Then ¢ can be used by at most one node A € X.
Proposition 4.3.2. Assume that X is a GCg-set without a maximal line, and suppose

that a 3-node line ¢ is used by two nodes A, B € X. Then there exists a third node C' using
¢ and ¢ is used by exactly three nodes of X.

12



Moreover, A, B, and C share four other lines with either 6,6,6,4 or 6,6,5,5 primary
nodes, respectively. Furthermore, the m-d sequence of these three nodes is either (6, 6, 6, 4, 3, 2),
or (6,6,5,5,3,2), respectively.

Proposition 4.3.3. Assume that X' is a GCg-set without a maximal line, and suppose
that a 4-node line ¢ is used by three nodes A, B, C' € X. Then A, B, and C, besides Z,
share four lines with either 6, 6,6, 3; 6,6,5,4; or 6,5,5,5 primary nodes, respectively.

Proposition 4.3.4. Assume that X is a GCg-set without a maximal line, and suppose
that some 4-node line ¢ is used by four nodes A, B, C', D € X. Then { is used by exactly 6
nodes.

Moreover, besides Z these six nodes share also three other lines each passing through 6
primary nodes.

Proposition 4.3.6. Assume that X is a GCg-set without a maximal line, and s a
5-node line used by five nodes of X'. Then it is used by exactly six nodes.

Moreover, besides Z these six nodes share also three other lines passing through 6,6, 5
primary nodes, respectively.

Proposition 4.3.7. Assume that X is a GCy set without a maximal line, and (s a
6-node line. Assume also that ¢ is used by eight nodes of X. Then it is used by exactly ten
nodes of X.

Moreover, these ten nodes form a GCj5 set and share two more lines with six primary
nodes each. Furthermore, each of these ten nodes has the m-d sequence (6,6,6,4,3,2).

Proposition 4.3.8. Assume that X is a GCg set without a maximal line, and E, 1=1,2,
are two disjoint 6-node lines. Assume also that six nodes of X’ are using ¢, and f5. Then
the six nodes besides Zl and 22 share either one more line with 6 primary nodes or two more
lines each with 5 primary nodes. In the first case the lines Zl and ZQ are used by exactly ten
nodes of X and in the second case they are used by exactly six nodes of X'.

Moreover, in the first and second cases the ten and six nodes form a GC5 and GC5 sets,
respectively. Furthermore, each of the ten nodes and each of the six nodes has the m-d
sequence (6,6,6,4,3,2) and (6,6,5,5,3,2), respectively.

Here is the main result of the chapter:

Proposition 4.3.9. Assume that X is a GCs set with no maximal line. Then for no
node in X the m-d sequence is (6,6, 6,4, 3, 2).

Lemma 4.3.10. (i) The set B is a GC} set, and each node B € B uses the three lines of

L3 and the three lines it uses within B, i.e.,

pﬁ,x = 516253171*9,3-
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(ii) No node in A uses any of the lines of L.
Lemma 4.3.11. No node in A has the m-d sequence (6,6, 6,4,3,2).
Lemma 4.3.13.

1. Assume that a line £ ¢ L3 does not intersect a line a € L3 at a node in X'. Then the
line ¢ can be used by at most 1 node from 4. Moreover, this latter node can belong

only to a.
2. If £is 04 or 14-node line then no node from A uses it.

3. If £ is 2 4-node line then it can be used by at most one node from A.

Lemma 4.3.14. Let £ be a 34 type line passing through a 2,,-node B € B. Assume also
that the node set B\ {¢} contains 4 collinear nodes. Then the line £ can be used by at most
three nodes from A.

Consider all the lines passing through a node B € B and at least one more node of X.
Denote the set of these lines by £(B). Let my := my(B), k = 1,2,3, be the number of
k a-node lines from £(B).

Then the following holds:

Lemma 4.3.15. We have that m3(B) < 5.

Lemma 4.3.16. The line ¢y, is a 34 type 5-node line and is used by exactly six nodes
from A.

Lemma 4.3.17. The following is true for at least one of B € {By, Bs}:

Lemma 4.3.18. The set B, except of the lines ¢; and /5, may have just one more 3-node
line, which passes through the nodes Bs, Cy, (5, provided that the latter nodes are collinear.

Moreover, (¢1,{s) is the only disjoint pair of 3-node lines in B.

Lemma 4.3.19. There is a type 34 4-node line through each of the nodes By, By, and
Bs. Moreover, these lines are used by exactly 3 nodes from A.

Lemma 4.3.20. (i) The above three triples are disjoint in this case.

(ii) Suppose the line ¢; with 6 primary nodes for a triple coincides with one of the lines
{1 or f5. Then the triple is not a subset of the set Ag.

Lemma 4.3.21. The second 4 in the f-m-d sequence (a), in a respective (-m line
sequence, corresponds to a 34 4-node line passing through B, B’ or B”.

Lemma 4.3.22. Any two triples of nodes corresponding to two distributions of type (a)

or (b) are disjoint.
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The main result of this chapter is:

Proposition 4.3.9. Assume that X' is a GCg set with no maximal line. Then for no

node in X the m-d sequence is (6,6, 6,4, 3, 2).

This proposition is analogous to the key step in the proof of the case n = 5 (see [15], Prop.

3.12; |27], Prop. 2.8), and represents significant progress toward proving the Gasca—Maeztu

conjecture for n = 6.

In Chapter 5 we study maximal curves in n-correct sets and GC,,-sets.
Set for n, k > 0,
d(n,k) :== N, — Ny_g. (5.1.4)

Note that for 0 < k < n + 2 we have:

din,k)=n—k+2)+(n—k+3)+---+(n+1) {: W] : (5.1.5)
While for £ > n + 1, in view of the relation (5.1.1), we have:
d(n, k) = N,.
Now note that if 0 < k < min(m, n) then we have that
d(n,m) —d(n,k) =d(n —k,m—k). (5.1.6)

Indeed, we have that
d(n,m) —d(n,k) = N, — Ny — (N — Np—i) = N — Ny = d(n — k,m — k).
Then note that m <n and 0 < k <n —m + 2 imply
d(n,m) —mk = d(n — k,m). (5.1.7)
Indeed, we have that
din,m)—mk=(n—-—m+2)+(n—m+3)+---+(n+1)—mk

=n-m—-k+2)+(n—-m—-k+3)+---+(n—k+1)=dn—km-—k).

Proposition 5.2.2 (|23|). Let X be an n-correct set. Then a curve f € II of degree

k < mn is a maximal curve for X if and only if it is used by any node of the set X'\ f.

Corollary 5.2.3 ([23|). Let X be an n-correct set. Then:

f €1l is a maximal curve <= X'\ f is an (n — k)-correct set.

15



Corollary 5.2.4. Let X be an n-correct set, f and fh be maximal curves, where

deg f = k and degh = m. Then the curve h is a maximal curve for the (n — k)-correct set

X\ f.
Corollary 5.2.5. Let X be an n-correct set, f; and f, be maximal curves, with no

common components. Suppose that deg f; = k;, 1 = 1,2, where k; + k3 < n. Then:
1. The curve f;fy is a maximal curve of degree ki + ks.
2. The curve f; is a maximal curve for the (n — kj)-correct set X'\ fi.

Remark 5.2.6. If f; and f, are maximal curves, with no common components, and
deg fi = k;, i = 1,2, where k1 + ko > n+ 1, then X C f1 U fs.

Denote by Z(f1, f2) the set of intersection points of the curves f; and f;. Denote also
Ix(f1, f2) =Z(f1, fo) N X,

Proposition 5.3.1 ([23]). Let X be an n-correct set, f; and fo be maximal curves, with
no common components. Suppose that deg f; = k;, i = 1,2, where ky + ko < n. Then the

curves f; and fy intersect at exactly kiko distinct points, which all are nodes of X:

#Lx(f1, f2) = kik.
Denote the following Hilbert function:

Hg}m = #R}

k,m>

where Ry, = Rpm NTP°.

Note that if &k +m < n+ 2 then Hy,, = km.

Proposition 5.3.2. Let X be an n-correct set, f; and f, be maximal curves, with no
common components. Suppose that deg f; = k;, © = 1,2. Then the curves f; and f5 intersect
at exactly Hy ;. nodes of X

#Lx(f1, f2) = Hp, -

Proposition 5.3.4. Let X be an n-correct set, f; = hg; and fo = hgs be any maximal

curves, whose greatest common divisor is h. Suppose that degh = m and degg; = s;, 1 =

1,2, where s := s; + so + m < n. Then the following statements hold.
1. The curve g;goh is a maximal curve of degree s.
2. The curve h is a maximal curve of degree m.

3. The curves ¢g; and g, are maximal curves of degrees s; and sg, respectively, for the

(n — m)-correct set X \ h.
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4. #Zx(g1,92) = s152 and hN g Ngo N X = .

5. The curves f; and f, intersect at exactly d(n,m) + s1s9 nodes of X
#Ix(f1, f2) = d(n,m) + s15,.

Proposition 5.3.5. Let X be an n-correct set, f; = hg; and fs = hgs be any maximal
curves, whose greatest common divisor is h. Suppose that degh = m and degg; = s;, 1 =

1,2. Then the curves f; and f, intersect at exactly
#Lx(f1, f2) = d(n,m) + His

nodes of X.

Proposition 5.4.1 (|23|). Let X be an n-correct set. Let also fi, fo and f3 be three
maximal curves, such that every two of them have no common components. Suppose also
that deg f; = k;, i =1,2,3, and ky + ko + k3 < n + 2. Then we have that f; N fo N f3 = 0.

Proposition 5.4.2. Let the set X and the curves fi, fo and f3 be as in Proposition
5.4.1. Let also ki 4+ ko + k3 > n + 1. Then we have the following three expressions for

H(fiN f2N f5NX):
L. N —d(n, ki) — d(n, ko) — d(n, ks) + Hp, ., + H o+ HE
2. N =Ny gy — Ny — Nots + Nty ko + Nocky s + Ny — ks
3. N —d(n—ky, ks) —d(n — ks, ks) — d(n — ks, ky).

Denote o := ky + ko + k3 — (n + 2).
Proposition 5.4.3. Let the set X and the curves fi, fo and f3 be as in Proposition
5.4.1. Let also k1 + ko + ks > n+1,i.e., 0 > —1. Then we have the following two expressions

for #(finfon fsNX):

1. 20(0 +1) = Niysks—n—3 — Nigthg—n—3 — Negthy—n—3,
2. 10(0+ 1), provided that k; + k; <n+2V1<i<j<3.

Proposition 5.5.1. Let X be GC,,-set and f be a maximal curve of degree k, 1 < k < n.
Then f is a product of k£ distinct lines.
Furthermore, if the Gasca-Maeztu conjecture holds for all degrees up to n, then at least

one of the above k lines is a maximal line.
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Proposition 5.5.2. Let X be GC)-set. Suppose that the Gasca-Maeztu conjecture
holds for all degrees up to n. Then f is a maximal curve of degree k, 1 < k < n, if and only
if

f =0,
where the set ¢; \ (/; U---U/{;_1) contains exactly n +2 —i nodes of X, i =1,... k.

Definition 5.5.3. A finite set £ of lines is said to be in general position, if
1. no two lines of L are parallel, and

2. no three lines of £ are concurrent.

n+2)

Let a set £L = (fy,...,0,12) of lines be in general position. Then the set X of ( 5

intersection points of these lines is called Chung-Yao set of degree n.

Corollary 5.5.4. Suppose that X is Chung-Yao lattice of degree n with set of maximal
lines L. Suppose also that f is a maximal curve of degree k. Then f is a product of k£ maximal
lines from L.

Furthermore, if f; and f, are maximal curves of degrees k; and ks, respectively, with no
common components, then we have that ki + ks < n + 2.

Proposition 5.6.1. Let § = 0 or 1. Then X := X(§) is an n-correct set, where n =

m + k — 2 + 0. Moreover, f and g are maximal curves of degrees m and k, respectively.
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G2MUWHWSNEEG3NEFL

Whwwnwipp @dhpwd k tpyyuth GO, puqunipinitttpht, dwpuhdw) Yn-
ntnht Gt Quupw-Uwbkgpenih Junpwoht (1982):

Cwlgnygtiph X pwqunipiniin Ynyynid £ n-unnyq, tpt Gpu hwdwp
tplgswth dhowupyuwd pulinhpp dhwynpth jnidtih £ 11, -0 < » gnidwupuyht
wumhéwih btpynt thnhnhowwth pwqiwbnuudttnny: <Jwbgnygubtph
n-unnyq pwqunipjniip Jubjywbtip GC, pwqunipinit, btphbt jnipw-
pwiygnin hwignygh P$ninudtimw; pwqiuwinudp hwinhuwinid E
agoughl pugiwtnudbtnh wpmwunpywyg:

Cwjmbh E, nn n-unmnyqg pwqunipynibttpnid wnwybjugnybpn » + 1
hwignyg Jupnn G wuwmlwbt] tnyh ninnht: Ninhnttpt, npnip whgtnid
Ll n + 1 hwbgnygubnny Yngynid G dwpuhdwy:

Lumn Guupw-Uwtqpenih Jupiwéh jnipupwbynin GO, puqunipjut hw-
dwin gnynipinil nith dwpuhdw] ninhn: Uhby wydd Jupywon wywugnigywd
Edhwyt » < 5 nhwyptinh hwdwn:

Gninnpn gjfunid niunidtwuhpynid Gh GO, puqunipinibttpnid »-hwb-
gnygwih ninhnttppn: Umwgyb | juwy GC, puqunipjul ntdtlymh W
n-hwlignygwth ninhnbtnh dhelt

def(X) =ko+1,

npntin k-t n-hwlgnygwlh ninhnh Yypw guniynn Om-hwbgnygutph pw-
wyh E: Unwgyh) Gt dwl gbwhwunmwjubdtp mjju; hwbgnygnyg wmaghnn
n-hwlignyygutth ninhnttiph pwtwyh hwdwnp: Wwwgnigyhb £, np ynpu
wynwhuh ninhnobn 64 yupnn wbgut) dty hwbgnygny (Gnpp » > 3):

Gnnnpn gilunid pipyt) E Guupuwyh-Uwbkgenih Jupywsh tpipnpn www-
gnig » = 5 nhwyph hwdwnp,npp fuwbu wytih yuné £ L wybih wwupg pub
ulgpiwlywin (Qunpjut, 8tmwmbnp, Shutipdwb, 2014): Tyktp, np h mwppk-
nnipjnilt bwhunpn » < 4 nhwpbtnh, wju ntwypnid thby wydd Hud wy wwyw-
gnygubn:

Qnppnpn qjunid juwmwpyl] £ Qupunp pwy Quupwjh-Uwbtqpenih
Juplwoéh n = 6 niyph niunidbwuhpnipjud ninnnipjudp: Tywugnigyl L,
nn tph GCs puqunipjniinid syu dwpuhdw] ninhn, wyw ny; Uh hwtgnyg
¢h Junnn nibthwyg (6,6,6,4, 3,2) dwpuhdw] puphudwd hwenpnujwuinipinit:
Lotiip, np wyu wpnyniiph wbwingp yénnpnp ntnp £ hwunwgh) » = 5 niwyph
wwywgnygnid: Pugh wn, unwgyl] G wpnyynitpitn < 6 hwtgnyg nitk-
gnn ninhnttnph ogmwgnpodwl ybpwptpyuy, npnip htwpwynpnipinita o
wmwihu htppt] htwpwynp pwphunidtbtnph dh pwpp wy nbwptp: Uwubw-
Unpuwtiu, (6,6,6,4,3,2) puphudwl htppdwt wpnyyniipnid 6-hwlignyguth
ninhnttph ogumwgnponidttnph wnwybjugnyt phyn Gjwugbtgyt; £ 10-hg
Uhtigl 7:

<htqtipnpn qjlunid niunidtwuhpynid G dwpuhdw) Ynptpn n-unmnyqg
puqunipinLbbtpnid: Quymbhk, np £ < n wumh@wth hwtpwhwyywwt Ynpp
Junnn Fwtgtb) n-unnyqg puqunipyut wdttwpwwmn d(n, k) := N, — N,,_x
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hwtignygny, npmtin N, = dimIl,,: Unpbknp, npnip wbtgtnid G Ghpw d(n, k)
hwbignygny Yngnid b dwpuhdwy:

Whiwnmwipnid pinhwtnpwugyt) Gt dwpuhdw) Ynptph huymth hwwnini-
rinLubtn htyytu twl wywgnigyb) G Gnp hwwmynipnitttn: Uwultwyn-
nuwtiu, gqnoygt] E wnwtg ninhwbinip yndwyntttmh tnynt dwpuhdw Ynnk-
nh hwnmdwb Ytmbtph 62gnhn phyn pnhwinip ntuypnid, wpmwhwjmbiny
wyl hjptipmh $nityghuyh dhengny

#IX<f17f2) = H]::lhk‘g :

Quiyb] E dtwle m wumhéwbth pnhwbinip jndwynttimnyg tpyne dwpuhdwg
Unptnh hwwnmdwd Ytnmbph 6ogphwnm phyn, wyb B

#Ix(f1, f2) = d(n,m) + HJ "
Yjinithtml wwywgnigyly Gh np wpnynitpbbtn Gptp dwpuhdw) Ynnptph
hwndwd ytpwptipuy, npntghg jnipupwbygnip Gpiniun thnhuwnwpdwpwn
wwng Lu:

Whwwnwbpnid phnipwgnynid b dwpuhdw) Ynptinp GO, puqunipnibat-
nnid, pun nph” & wumhéwbh jnipupwbygnin dwpuhdw) Ynp hwinhuwbinid
E 4 wmwpptp ninhnobtph wpumwnpu): WYhht, et Quupw-Uwbtdgpenih
Junuwonp 6hpw £ < n mumhéwbttph pugdwtnudtbnh hwdwn, wwyw wyn
k ninhnutinhg wntywqb dtyn dwpuhdwy k:
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3AKJIIOYEHUE

Pabora T1ocBsleHa HccaemoBaHuioo (GC,-MHOXKXECTB Ha IIJIOCKOCTH,
MaKCHMaJIbHBIX KPUBBIX U TUNIOTE3H ['acka-Mae3ty (1982).

MHOKEeCTBO y3JI0B Ha3bIBAETCS n-TOUYHBLIM, €CJIIU 3afada UHTEPIONSIUU
eOUHCTBEHHBEIM 00pa3oM pas3pemniuMa B IIPOCTPaHCTBe I, MHOTOYJIEHOB
OBYX IIepEMEHHBIX CyMMapHOU CTEIleHW He BHIIIE n. n-TOYHOE MHOIKECTBO
Ha3blBaeTca GC,, ecnu QyHOaMeHTalbHBIM MHOTOYJIEH KaXOoro Yy3ia
IIPEeACTaBJIIETCSA B BUIEe IPOU3BEIeHUS IMHENHBIX MHOXKUTEIEH.

HM3BecTHO, YTO B n-TOYHOM MHOXKECTBe He 0ojiee 4eM n + 1 y3JI0B MOTYT
jleXxaTh Ha OOHOY IPSAMOM, a IpsAMBIe, cogepKalnue (n+ 1) y3710B, Ha3bIBAOTCS
MaKCHMaJIbHBIMHU.

CornacHo runore3e ['acka-Mae3Ty, Kaxpoe GC,-MHOXKECTBO COOEPXKUT
MaKCHMaJlbHYI0 IpsAMylo. Ha cerogHSIIHWYN OeHb 3Ta TUIIOTe3a AOoKa3aHa
TOJILKO [JISI ClIy4daeB n < 5.

Bo BTOpOU riaBe HCCIEOyIOTCS n-y3JI0BBle NpsiMbie B (GC,-MHOXK€CTBax.
YcTaHoBreHa CBsI3b MeXOy Ae(eKTOM MHOXKECTBa U CTPYKTYPOU n-Y3IOBBIX
IIPSIMBIX:

def(X) = k’o + 1,

roe ko — 4uciuo 0,,-y3JI0B Ha n-y3JI0BOU IpsAMOU. I[lojydyeHBl TakKXkKe OLIeHKU
4YyCJla n-y3JIOBBIX IIPSIMBIX, IPOXOIAIIMX 4Yepe3 3aJaHHBIM y3ell. [lokasaHo,
YTO YeThIPE TaKue IIPSIMBIEe He MOT'YT IPOXOOUTH Yepe3 OOUuH y3en (Ipu n > 3).

B Tpethelu riaBe IpuUBEIEeHO HOBOE OOKa3aTeIbCTBO Trunore3bl ['acka-
Mae3sTy g4 ciy4dasi n = 5, KOTOPOe CYIIIeCTBEHHO KOpOUe U IPOIle U3BECTHOTO
panee (AxomnsH, Herrep, llummepman, 2014). OTMEeTHM, YTO B OTIMYHE OT
ciay4daeB n < 4, PYTrUX JOKA3aTeJIbCTB OJIs n = 5 HEe U3BECTHO.

B ueTBEpPTOU I/1aBe CHeJjlaH BaKHBIM IIar B HMCCJIEJOBAHUU ciiydas n = 6.
IToka3zaHo, 4TO eciu B G(3-MHOXKECTBE OTCYTCTByeT MaKCUMaJlbHasA IpsMasi,
TO HU OOWH y3eJI He MOXKeT UMeTh MaKCUMaJllbHOe pacupepnesienue (6,6,6,4,3,2).
AHaJIOTUYHBIN pe3yJibTaT Ur'pPal KJIYEBYIO POJIb B JOKa3aTesIbCTBe Cilydas
n = 5. Kpome TOro, momnydeHbl pe3ylIbTaThl 00 KMCIIOb30BAHUM IIPSIMBIX
C 4YHCJIOM y3JI0B He 0Oojiee 6, YTO IIO3BOJISIET UCKIIUYUTH PSSO BO3MOIKHBIX
pacnpepnenesHuii. B 4wacTHOCTH, OIIpOBepXKeHUe paclupepnesieHus (6,6,6,4,3,2)
IIPUBOOUT K YMEHBIIIEHUI0 MaKCUMAJILHOT'O YKCJIa UCIIOJIb30BAaHUU (-Y3JI0OBBIX
OPSAMEIX C 10 fO 7.

B mnsgaToy raBe HCCIEQYIOTCSA MaKCUMaJlbHBIe KpPUBBEIE B n-TOYHBIX
MHOXKeCTBaxX. FI3BeCcTHO, 4TO anrebpamyecKas KpuUBasi CTeNeHU k < n
MOZKeT IIPOXOOUThL He Oonee ueM depes d(n,k) := N, — N,_; Y3JI0OB n-TOYHOT'O
MHOXKECTBa, a KpUBEIe, IIPOXOIAIINEe POBHO Yepe3d d(n, k) y3J10B, HA3bIBAIOTCSA
MaKCUMaJIbHBIMU.

B paboTe nony4eHbl HOBblE CBOMCTBA MaKCHUMaJIbHBIX KPUBBLIX U 0000IIEHEI
W3BECTHBIE pe3yNbTaThl. B 4YacTHOCTH, HaAUOEHO TOYHOE YHCII0O TOYeK
repecedyeHus OBYX MaKCUMaJIbHbIX KPUBLIX 0€3 00I1leil KOMIIOHEHTHI:

#IX<f17 f?) = Hl’ghk‘g'

24



Takzke I0OJIly4eHO TOYHOE YUCJIO TOYEK IepecedyeHusi OBYX MaKCHUMaJIbHBIX
KPUBHIX C 00IIel KOMIIOHEHTOM CTEIIeHU m:

#Ix(f1, f2) = d(n,m)+ HJ "
[Tonmy4deHBl TaKXKe pe3yJIbTaThl O IePeCeYEeHNN TPEX MAaKCUMAaIbHBIX KPUBHIX,
Kaxkgas Imapa KOTOPBIX B3aUMHO IIPOCTa.

MakcuManbHBIE KPUBHIE B GC\,-MHOXKEeCTBaxX OXapaKTepu30BaHbl: TOKa3aHOo,
yTOo mo0asd MakKcuMallbHasi KpuBasi CTeIlleHUW k IIpPe[CTaBJIsieTCcsd B BUMOE
IIpou3BeOeHUs k pa3/IMYHBIX NPSIMBIX. bosiee Toro, ecnu rumnore3a ['acka-
Mae3Ty BepHa [JII MHOTOYJIEHOB CTeNeHU < n, TO XOTS OBl OfHA M3 ITUX
MIPSIMBIX SIBIISI€TCS MaKCHUMaJIbHOMU.
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